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Abstract This paper considers an important class of convex programming (CP) prob-

lems, namely, the stochastic composite optimization (SCO), whose objective function

is given by the summation of general nonsmooth and smooth stochastic components.

Since SCO covers non-smooth, smooth and stochastic CP as certain special cases, a

valid lower bound on the rate of convergence for solving these problems is known from

the classic complexity theory of convex programming. Note however that the opti-

mization algorithms that can achieve this lower bound had never been developed. In

this paper, we show that the simple mirror-descent stochastic approximation method

exhibits the best-known rate of convergence for solving these problems. Our major con-

tribution is to introduce the accelerated stochastic approximation (AC-SA) algorithm

based on Nesterov’s optimal method for smooth CP [32,34], and show that the AC-SA

algorithm can achieve the aforementioned lower bound on the rate of convergence for

SCO. To the best of our knowledge, it is also the first universally optimal algorithm in

the literature for solving non-smooth, smooth and stochastic CP problems. We illus-

trate the significant advantages of the AC-SA algorithm over existing methods in the

context of solving a special but broad class of stochastic programming problems.
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1 Introduction

The basic problem of interest in this paper is the stochastic composite optimization

(SCO) given by

Ψ∗ := min
x∈X
{Ψ(x) := f(x) + h(x)}, (1)

where X is a convex compact set in the Euclidean space Rn endowed with inner product

〈·, ·〉 and a norm ‖·‖ (not necessarily the one associated with inner product), f : X → R
is a convex function with Lipschitz continuous gradient, that is,

‖∇f(x)−∇f(x′)‖∗ ≤ L‖x− x′‖, ∀x, x′ ∈ X, (2)

(‖ · ‖∗ denotes the conjugate norm, see Subsection 1.1), and h : X → R is a convex

Lipschitz continuous function such that

|h(x)− h(x′)| ≤ M‖x− x′‖, ∀x, x′ ∈ X. (3)

We assume that problem (1) is to be solved by iterative algorithms which acquire

the subgradients of Ψ via subsequent calls to a stochastic oracle (SO). Specifically,

at iteration t of the algorithm, xt ∈ X being the input, the SO outputs a vector

G(xt, ξt), where {ξt}t≥1 is a sequence of i.i.d. random variables (also independent

of search points xt) whose probability distribution P is supported on Ξ ⊆ Rd. The

following assumptions are made for the Borel functions G(x, ξt).

A1: For any x ∈ X, we have

a) E[G(x, ξt)] ≡ g(x) ∈ ∂Ψ(x) (4)

b) E
[
‖G(x, ξt)− g(x)‖2∗

]
≤ σ2, (5)

where ∂Ψ(x) denotes the subdifferential of Ψ at x (see Subsection 1.1).

Observe that problem (1) covers several important classes of convex programming

problems as certain special cases. For the sake of simplicity, we assume in the following

discussion that the domain X is a standard Euclidean ball. Note however that such a

simplification is only of local scope for this section only, and that the paper does deal

with more general feasible set X, allowing non-Euclidean geometry.

Case I: non-smooth convex optimization Suppose that the smooth component f in Ψ

does not exist, or equivalently f(x) = 0 for every x ∈ X, and that there is no noise

in the SO, i.e., σ = 0 in (5). Then, problem (1) becomes the generic non-smooth

convex optimization problem that has been well-studied in the Literature. According

to Nemirovski and Yudin [31], if the dimension n is sufficiently large, i.e., n ≥ O(1)N ,

where O(1) denotes an absolute constant, then the rate of convergence for any iterative

algorithms to solve nonsmooth convex optimization problems can not be better than

Ψ(x̂N ) − Ψ∗ ≤ O(1)(M/
√
N), where N is the number of iterations performed by

the algorithm and x̂N ∈ X denotes the solution generated by the algorithm after N

steps. Moreover, the simple subgradient descent method can achieve, up to a constant

factor, the above lower bound. Note that the subgradient descent method is closely

related to the gradient projection method of Goldstein and Levitin, Polyak (see [6]).

Nemirovski and Yudin [31] also developed the so-called mirror descent algorithm that

can be advantageous over the subgradient descent method when X is not an Euclidean

ball by using a prox-function (also called Bregman’s distance, which was studied by

Bregman [7] and many others, see for example, [1,2,15,49] and references therein).
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Case II: smooth convex optimization Suppose that the non-smooth component h in

Ψ does not exist, or equivalently h(x) = 0 for every x ∈ X, and that there is no

noise in the SO, i.e., σ = 0 in (5). Then, problem (1) becomes the smooth con-

vex optimization problem. In [31], Nemirovski and Yudin show that, if the dimen-

sion n is sufficiently large, i.e., n ≥ O(1)N , then the rate of convergence for any

iterative algorithms to solve smooth convex optimization problems can not be bet-

ter than Ψ(x̂N ) − Ψ∗ ≤ O(1)(L/N2). In a seminal work ([32]), Nesterov presented

novel smooth convex optimization algorithms whose rate of convergence is bounded by

Ψ(x̂N )−Ψ∗ ≤ O(1)(L/N2). Clearly, Nesterov’s methods are optimal, up to a constant

factor, for smooth convex optimization when n ≥ O(1)N . Nesterov’s methods were

further studied in [33], [1] and [34] using Bregman’s distance and other variants of

Nesterov’s optimal method can also be found, for example, in [18] and [50].

Case III: stochastic convex optimization Suppose that the variance of the SO is posi-

tive, i.e., σ > 0. Then, problem (1) becomes the stochastic convex optimization prob-

lem. There exist two competitive computational approaches for solving stochastic con-

vex optimization based on Monte Carlo sampling techniques, namely, the Stochastic

Approximation (SA) and the Sample Average Approximation (SAA) methods. Both

approaches, the SA and SAA methods, have a long history. The classic SA method

mimics the gradient descent method and goes back to the pioneering paper by Rob-

bins and Monro [42]. Since then stochastic approximation algorithms became widely

used in stochastic optimization (see, e.g., [5,10,11,39,44,17,47] and references therein).

An important improvement of the SA method was developed by Polyak [40] and Polyak

and Juditsky [41], where longer stepsizes were suggested with consequent averaging of

the obtained iterates. In these classical SA-type algorithms, it is assumed that the ob-

jective function is twice continuously differentiable and strongly convex. On the other

hand, the SAA approach was used by many authors in various contexts under different

names. Its basic idea is rather simple: generate a (random) sample ξ1, ..., ξN of size

N , and approximate the “true” problem (1) by the so-called sample average problem.

Recent theoretical studies (cf., [16,45,46]) and numerical experiments (see, e.g., [23,27,

51]) show that the SAA method coupled with a good (deterministic) algorithm could

be reasonably efficient for solving certain classes of two stage stochastic programming

problems. Current opinion is that the SAA method can efficiently use a specific (say lin-

ear) structure of the considered problem, while the SA approach is a crude subgradient

method which often performs poorly in practice. Very recently, Nemirovski et. al. [30]

demonstrated that a properly modified SA method based on iterate averaging, namely,

the mirror-descent SA, can be competitive and even significantly outperform the SAA

method for a certain class of stochastic optimization problems. Moreover, this algorithm

exhibits an unimprovable rate of convergence E[Ψ(x̂N )− Ψ∗] ≤ O(1)(M+ σ)/
√
N for

non-smooth stochastic convex optimization (i.e., f(x) = 0 for every x ∈ X in (1)

and σ > 0) even when the dimension n = 1 (note that this differs from the two

above-mentioned deterministic optimization cases where the lower bounds on the rate

of convergence are valid only if n is sufficiently large [31]). Close techniques, based on

subgradient averaging, have been proposed in Nesterov [35] and used in [12,14] to solve

certain non-smooth stochastic convex optimization problems.

Since SCO covers these subcases described above, we can easily see that the rate

of convergence for any iterative algorithms to solve (1) can not be better than

E[Ψ(x̂N )− Ψ∗] ≤ O(1)

[
L

N2
+
M+ σ√

N

]
, (6)
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where x̂N denotes the solution obtained after N iterations performed by the algorithm.

This means that, for any algorithms solving problem (1), one can always point out a

“bad” problem instance satisfying (2), (3), (4), and (5), such that the expected error of

the solution generated at the N -step of the algorithm will be, up to a constant factor,

greater than the lower bound stated above. However, to the best of our knowledge,

none of the existing algorithms achieved this lower bound on the convergence rate.

Since the objective function Ψ of (1) is a non-smooth function, we can directly apply

the mirror-descent SA [30] to (1) and the resulting rate of convergence (cf. (25)) can

not be better than

E[Ψ(x̂N )− Ψ∗] ≤ O(1)

[
L+M+ σ√

N

]
. (7)

The best known result so far is given by Juditsky et. al. [13] with the rate of convergence

E[Ψ(x̂N )− Ψ∗] ≤ O(1)

[
L

N
+
M+ σ√

N

]
(8)

by applying an extra-gradient-type algorithm to a variational inequality (v.i.) reformu-

lation of (1). It should be noted that the lower bound on rate of convergence has not

been attained even for the deterministic case where σ = 0. Moreover, with only access

to the SO of the composite function Ψ itself, it is unclear whether the lower bound (6)

on the rate of convergence for solving (1) is achievable or not.

To motivate our discussion, we would like to explain why we care about the gap

between the convergence rates (7), (8) and the lower bound (6). Suppose that we have

an optimal algorithm for solving (1) which achieves the lower bound (6) on the con-

vergence rate. First of all, this algorithm will be a universally optimal method for

non-smooth, smooth and stochastic convex optimization. Currently different classes of

convex optimization problems are being handled by using different (sub)optimal meth-

ods. More specifically, while the mirror descent SA [30] is optimal for deterministic

or stochastic non-smooth convex optimization, and Nesterov’s method [32] is optimal

for deterministic smooth convex optimization, we do not have optimal algorithms for

solving general stochastic smooth convex optimization and stochastic composite opti-

mization problems. This is partly due to the difficulty that, although either smooth or

nonsmooth optimization has been well-studied separately in the literature, a unified

treatment for both of them seems highly non-trivial. Secondly, this optimal algorithm

for SCO will allow us to have a very large Lipschitz constant L for problem (1) with-

out affecting the rate of convergence. More specifically, the convergence rates in (7)

and (8), will not be affected (up to a constant factor 2), if L is as big as M + σ and

(M+σ)N
1
2 , respectively. It can also be easily seen from (6) that the convergence rate

of the optimal algorithm will not change (up to a constant factor 2) if L ≤ (M+σ)N
3
2 .

Clearly, the latter range of L is much bigger than those for the previous two methods

and extends much faster as the number of iterations N grows.

Our contribution in this work mainly consists of the following aspects. Firstly, with

a novel analysis, it is demonstrated that a slightly modified mirror descent SA algorithm

applied to (1) also exhibits the best known so far rate of convergence guaranteed by a

more involved stochastic mirror-prox algorithm [13]. Moreover, by substantially gener-

alizing Nesterov’s optimal method to non-smooth and stochastic convex optimization,

we propose an accelerated SA (AC-SA), which can achieve the theoretically optimal

rate of convergence for solving SCO. To the best of our knowledge, it is also the first

universally optimal algorithm in the literature for solving non-smooth, smooth and
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stochastic convex optimization problems. We also investigate the AC-SA algorithm in

more details, for example, derive the exponential bounds for the large deviations of

the resulting solution inaccuracy from the expected one, provided the noise from the

stochastic oracle is “light-tailed”. Thirdly, we illustrate the significant advantages of

the AC-SA algorithm over the existing algorithms in the context of solving a class of

stochastic programming problems whose feasible region is a simple compact convex set

intersected with an affine manifold. More specifically, if either the mirror descent or

the AC-SA algorithm is applied to solve the quadratic penalization problem, where the

violation of the affine constraints is penalized, then the size of the Lagrange multiplier

associated with these affine constraints has much smaller effect on the AC-SA algorithm

than that on the former one. We has thus shown that the penalty-based approaches are

promising for solving our particular problems of interest, while these approaches are

generally criticized for their dependence on the unknown size of Lagrange multipliers.

We should distinguish the results obtained in this paper with some related but

different development in the literature for solving problems given in the form of (1).

In 2005, Nesterov in an important paper [34] presented a first-order method with

convergence rate bounded by O(1/N) to solve a special class of problems given in the

form of (1), where the nonsmooth term h is given by

h(x) := sup{〈By, x〉 − φ(y) : y ∈ Y },

Y ⊆ Rm is a compact convex set, φ : Y → R is a continuous convex function and

B is a linear operator from Rm to Rn. Nesterov’s approach consists of approximating

the nonsmooth function h by a sufficiently close smooth one with Lipschitz continuous

gradient and applying the optimal smooth method in [32,34] to the resulting problem

with h replaced by its approximation function. In a subsequent paper, Nemirovski

[29] proposed an extra-gradient type first-order method for solving a slightly more

general class of optimization problems than the one considered by Nesterov [34] and also

established an O(1/N) convergence rate for his method. These first-order methods were

further studied in, for example, [1,37,26,8,38,50,28], and successfully used in sparse

covariance selection, rank reduction in multivariate linear regression and compressed

sensing, etc. (see, for example, [9,24,25,3]). Another line of investigation is also to

consider problems given in the form of (1) where the non-smooth component h of Ψ in

(1) is sufficiently simple, for example, h(x) = ‖x‖1, where ‖ ·‖1 denotes the l1 norm, so

that the non-smooth component can be kept as a part of the prox-step (or projection in

the Euclidean case) (Nesterov [36], Tseng [50], Lewis and Wright [22]). Consequently,

the convergence rate for solving these problems is the same as that of smooth convex

optimization, i.e., O(1/N2). The above two lines of development differ from ours in the

following aspects: (i) those problems considered in [34,29,36] and related references

are certain special cases of (1) in the sense that the nonsmooth term h can either be

smoothed or kept in the projection. Therefore, it turned out that stronger convergence

results can be obtained for those subcases. We, on the other hand, consider a general

non-smooth term h in the objective function of (1); (ii) the algorithms developed in

[34,36] and related references need to access the smooth and non-smooth component of

the composite function Ψ separately. In contrast, our method, in addition to using the

structure of the problem, only need to access the composite function itself; iii) in [34,

29,36] and other references mentioned above, only deterministic optimization problems

have been considered. We also focus on the situation where the subgradients of Ψ are

contaminated by stochastic noise; iv) it should be noted that the development in [34,
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36] can be easily incorporated into our method for certain cases where the nonsmooth

component h in (1) consists of the aforementioned special structures.

The paper is organized as follows. In Section 2, we present a slightly modified

mirror descent SA algorithm applied to (1) and describe its convergence properties.

We then discuss in Section 3 the accelerated stochastic approximation algorithm. More

specifically, we present the AC-SA algorithm and describe its convergence properties

in Subsection 3.1, and demonstrate the advantages of this algorithm in Subsection 3.2.

Section 4 is devoted to proving the main results of this paper. Finally, some concluding

remarks are made in Section 5.

1.1 Notation and terminology

– For a convex lower semicontinuous function φ : X → R, its subdifferential ∂f(·)
is defined as follows: at a point x from the relative interior of X, ∂φ is comprised

of all subgradients g of φ at x which are in the linear span of X −X. For a point

x ∈ X\rintX, the set ∂φ(x) consists of all vectors g, if any, such that there exists

xi ∈ rintX and gi ∈ ∂φ(xi), i = 1, 2, · · · , with x = lim
i→∞

xi, g = lim
i→∞

gi. Finally,

∂φ(x) = ∅ for x /∈ X. With this definition, it is well-known (see, for example,

Ben-Tal and Nemirovksi [4]) that, if a convex function φ : X → R is Lipschitz

continuous, with constant M, with respect to a norm ‖ · ‖, then the set ∂φ(x) is

nonempty for any x ∈ X and

g ∈ ∂φ(x)⇒ |〈g, d〉| ≤ M‖d‖, ∀ d ∈ lin (X −X), (9)

in other words,

g ∈ ∂φ(x)⇒ ‖g‖∗ ≤M, (10)

where ‖ · ‖∗ denotes the conjugate norm given by ‖g‖∗ := max‖d‖≤1〈g, d〉.
– For the random process ξ1, ξ2, ..., we set ξ[t] := (ξ1, ..., ξt), and denote by E|ξ[t] the

conditional expectation, ξ[t] being given.

2 Modified mirror-descent stochastic approximation

In this section, we present a modified version of the mirror-descent SA method in [30]

and demonstrate that it can achieve the best known so far rate of convergence for

solving problem (1).

2.1 Preliminaries: distance generating function and prox-mapping

Let ‖ · ‖ be a (general) norm on Rn and ‖x‖∗ = sup‖y‖≤1〈y, x〉 be its dual norm. We

say that a function ω : X → R is a distance generating function modulus α > 0 with

respect to ‖ · ‖, if ω is convex and continuous on X, the set

Xo = {x ∈ X : there exists p ∈ Rn such that x ∈ arg minu∈X [〈p, u〉+ ω(u)]}
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is convex (note that Xo always contains the relative interior of X), and restricted to

Xo, ω is continuously differentiable and strongly convex with parameter α with respect

to ‖ · ‖, i.e.,

〈∇ω(x′)−∇ω(x), x′ − x〉 ≥ α‖x′ − x‖2, ∀x′, x ∈ Xo. (11)

The simplest example of a distance generating function is ω(x) = 1
2‖x‖

2
2 (modulus 1

with respect to ‖ · ‖2, Xo = X).

Let us define function V : Xo ×X → R+ as follows

V (x, z) = ω(z)− [ω(x) + 〈∇ω(x), z − x〉]. (12)

In what follows we shall refer to V (·, ·) as prox-function associated with distance gen-

erating function ω(x). The prox-function V (·, ·) is also called the Bregman’s distance,

which was initially studied by Bregman [7] and later by many others (see [1,2,15,49]

and references therein). In particular, Auslender and Teboule [1] give a more geomet-

rically transparent definition for this notion. Note that V (x, ·) is nonnegative and is

strongly convex modulus α with respect to the norm ‖ · ‖. Let us define prox mapping

Px : Rn → Xo, associated with ω and a point x ∈ Xo, viewed as a parameter, as

follows:

Px(y) = arg min
z∈X

{
〈y, z − x〉+ V (x, z)

}
. (13)

Observe that the minimum in the right hand side of (13) is attained since ω is con-

tinuous on X and X is compact, and all the minimizers belong to Xo, whence the

minimizer is unique, since V (x, ·) is strongly convex on Xo. Thus, the prox-mapping

is well defined.

The distance generating function ω also gives rise to the following characteristic

entity that will be used frequently in our convergence analysis:

Dω,X :=
√

max
x∈X

ω(x)− min
x∈X

ω(x). (14)

Let x1 be the minimizer of ω over X. Observe that x1 ∈ Xo, whence ∇w(x1) is well

defined and satisfies 〈∇ω(x1), x − x1〉 ≥ 0 for all x ∈ X, which combined with the

strong convexity of ω implies that

α

2
‖x− x1‖2 ≤ V (x1, x) ≤ ω(x)− ω(x1) ≤ D2

ω,X , ∀x ∈ X, (15)

and hence

‖x− x1‖ ≤ Ωω,X :=

√
2

α
Dω,X and ‖x− x′‖ ≤ 2Ωω,X , ∀x, x′ ∈ X. (16)

2.2 The algorithm and its convergence properties

The mirror descent SA algorithm, as applied to (1), works with the stochastic oracle

of Ψ that satisfies Assumption A1. In some cases, Assumption A1 is augmented by the

following “light-tail” assumption.

A2: For any x ∈ X, we have

E
[
exp{‖G(x, ξt)− g(x)‖2∗/σ2}

]
≤ exp{1}. (17)
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It can be easily seen that Assumption A2 implies Assumption A1(b), since by

Jensen’s inequality,

exp
(
E[‖G(x, ξt)− g(x)‖2∗/σ2]

)
≤ E

[
exp{‖G(x, ξt)− g(x)‖2∗/σ2}

]
≤ exp{1}.

We are now ready to describe the modified mirror descent SA algorithm for solving

(1).

The modified mirror descent SA algorithm:

0) Let the initial point x1 and the step-sizes {γt}t≥1 be given. Set t = 1;

1) Call the SO for computing G(xt, ξt). Set

xt+1 := Pxt (γtG(xt, ξt)) , (18)

xavt+1 =

(
t∑

τ=1

γτ

)−1 t∑
τ=1

γτxτ+1. (19)

2) Set t← t+ 1 and go to Step 1.

end

We now make a few comments about the above algorithm. Firstly, without loss

of generality, we will assume from now on that the initial point x1 is given by the

minimizer of ω over X (see Subsection 2.1). Secondly, observe that the above algorithm

only differs from the mirror descent SA algorithm in [30] in the way the averaging

step (19) is defined. More specifically, the sequence {xavt }t≥2 is obtained by averaging

the iterates xt, t ≥ 2 with their corresponding weights γt−1, while the one in [30] is

obtained by taking the average of the whole trajectory xt, t ≥ 1 with weights γt. It

should be mentioned that the above the shifted weights are incorporated mainly for

the purpose of facilitating our convergence analysis (more discussions can be found in

the comments after the proof of Lemma 3). In fact, if the constant stepsizes are used,

i.e., γt = γ, ∀ t ≥ 1, then the averaging step stated above is exactly the same as the one

stated in [30] up to shifting one iterate. The major modification that we made to the

standard mirror-descent SA is to define a new stepsize policy which takes into account

the structure of problem (1) (c.f. (23) below).

The following result summarizes some convergence properties of the above mirror

descent SA algorithm. The proof of this result will be given in Subsection 4.1.

Theorem 1 Assume that the step-sizes γt satisfy 0 < γt ≤ α/(2L), ∀ t ≥ 1. Let

{xavt+1}t≥1 be the sequence computed according to (19) by the modified mirror descent

SA algorithm. Then we have

a) under Assumption A1,

E
[
Ψ(xavt+1)− Ψ∗

]
≤ K0(t), ∀ t ≥ 1, (20)

where

K0(t) :=

(
t∑

τ=1

γτ

)−1 [
D2
ω,X +

2

α
(4M2 + σ2)

t∑
τ=1

γ2τ

]
,

M, σ and Dω,X are given in (3), (5) and (14) respectively;



9

b) under Assumptions A1 and A2,

Prob
{
Ψ(xavt+1)− Ψ∗ > K0(t) + ΛK1(t)

}
≤ exp{−Λ2/3}+exp{−Λ}, ∀Λ > 0, t ≥ 1,

(21)

where

K1(t) :=

(
t∑

τ=1

γτ

)−1 2Ωω,Xσ

√√√√ t∑
τ=1

γ2τ +
2

α
σ2

t∑
τ=1

γ2τ

 ,
σ and Ωω,X are given in (5) and (14) respectively.

We now describe a possible strategy for the selection of the stepsizes {γt} for the

modified mirror descent SA. For the sake of simplicity, let us suppose that the number

of iterations for the above algorithm is fixed in advance, say equal to N , and that the

constant step-size policy is applied, i.e., γt = γ, t = 1, · · · , N , for some γ < α/(2L)

(note that the assumption of constant step-sizes does not hurt the efficiency estimate).

We then conclude from Theorem 1 that the obtained solution xavN+1 = N−1
∑N
τ=1 xτ+1

satisfies

E
[
Ψ(xavN+1)− Ψ∗

]
≤
D2
ω,X

Nγ
+

2γ

α

(
4M2 + σ2

)
.

Minimizing the right-hand-side of the above inequality with respect to γ over the

interval (0, α/(2L)], we conclude that

E
[
Ψ(xavN+1)− Ψ∗

]
≤ K∗0 (N) :=

LΩ2
ω,X

N
+

2Ωω,X
√

4M2 + σ2
√
N

, (22)

by choosing γ as

γ = min

 α

2L
,

√
αD2

ω,X

2N(4M2 + σ2)

 . (23)

Moreover, with this choice of γ, we have

K1(N) =
2Ωω,Xσ√

N
+

2γσ2

α
≤

2Ωω,Xσ√
N

+

√
2

α
Dω,X

σ2√
N(4M2 + σ2)

≤
2Ωω,Xσ√

N
+

√
2

α
Dω,X

σ√
N

=
3Ωω,Xσ√

N
,

hence, bound (21) implies that

Prob
{
Ψ(xavN+1)− Ψ∗ > K∗0 (N) + ΛK∗1 (N)

}
≤ exp{−Λ2/3}+ exp{−Λ}, ∀Λ > 0,

(24)

where

K∗1 (N) :=
3Ωω,Xσ√

N
.
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Remark 1 It is interesting to compare the rate of convergence (22) obtained for the

modified mirror descent SA and the one for a direction application of the mirror descent

SA in [30]. We first derive the rate of convergence for a direction application of the

mirror descent SA in [30] to problem (1). Let g(xt) = E[G(xt, ξt)] = ∇f(xt) + h′(xt)
for every t ≥ 1, where h′(xt) ∈ ∂h(xt). Then, in view of assumptions (2), (3), (4) and

(5), and relation (10), we have

E[‖G(xt, ξt)‖2∗] = E[‖g(xt) +G(xt, ξt)− g(xt)‖2∗]
≤ 2‖g(xt)‖2∗ + 2E[‖G(xt, ξt)− g(xt)‖2∗]
≤ 2‖∇f(xt) + h′(xt)‖2∗ + 2σ2 ≤ 4‖∇f(xt)‖2∗ + 4M2 + 2σ2

≤ 4‖∇f(x1) +∇f(xt)−∇f(x1)‖2∗ + 4M2 + 2σ2

≤ 8‖∇f(x1)‖2∗ + 8‖∇f(xt)−∇f(x1)‖2∗ + 4M2 + 2σ2

≤ 8‖∇f(x1)‖2∗ + 8L2‖xt − x1‖2 + 4M2 + 2σ2

≤ 8‖∇f(x1)‖2∗ + 8L2Ω2
ω,X + 4M2 + 2σ2,

which, in view of relations (2.46) or (2.56) of [30], implies that the rate of convergence

for a direct application of the mirror descent SA algorithm to (1) is bounded by

O(1)

[
Ωω,X(‖∇f(x1)‖∗ + LΩω,X +M+ σ)

√
N

]
. (25)

Clearly, the above bound is always worse than the one given in (22). In particular, in

the range

L ≤
√
N(4M2 + σ2)

Ωω,X
, (26)

the first component in (22) (for abbreviation, the L-component) merely does not affect

the error estimate (22). Note that the range stated in (26) extends as N increases,

meaning that, if N is large, the presence of the smooth component f in the objective

function of (1) does not affect the complexity of finding good approximate solutions.

In contrast, this phenomenon does not appear in the error estimate (25).

Indeed, such an improvement comes from the new stepsize we just defined in (23).

Observe that if the first term in the definition of γ in (23) dominates, i.e., when L is

large, then γ in (23) does not depend on N . It follows from this fact that the rate of

convergence of the modified mirror descent SA algorithm will be O(1)1/N , similarly to

the gradient descent method for smooth convex optimization. However, in the original

mirror-descent SA algorithm, the stepsize given by (c.f., (2.47) of [30])

γ =

√
αD2

ω,X

2N(4M2 + σ2)
(27)

does not consider the possibility of the existence of a dominant smooth component in

the objective of (1). As a result, the rate of convergence of the the original mirror-

descent SA algorithm with stepsize (27) will always be O(1)1/
√
N .

It should be noted that the mirror descent SA is a direct descendant of the mirror

descent algorithm [31]. It is well-known that algorithms of this type are not optimal

for smooth convex optimization and hence can not be optimal for SCO. On the other

hand, as discussed in Section 1, Nesterov’s methods [32,33] and its variants were shown

to be optimal for solving smooth convex optimization problems. We will investigate a

possible extension of Nesterov’s method for solving problem (1) in the next section.
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3 Accelerated stochastic approximation

In this section, we provide a substantial generalization of Nesterov’s methods ([32,33])

to solve non-smooth and stochastic convex optimization. As a result, we develop a

new SA-type algorithm, referred to as the accelerated SA (AC-SA) method, which can

achieve the theoretically optimal rate of convergence for solving (1). More specifically,

we will state the algorithm and its convergence results in Subsection 3.1 and illustrate

its significant advantages over the existing SA algorithms in Subsection 3.2.

3.1 The algorithm and its main convergence properties

The AC-SA algorithm for solving problem (1) is comprised of the updating of three

sequences: {xt}t≥1, {xagt }t≥1, and {xmdt }t≥1. Here, we use the superscript “ag” (which

stands for “aggregated”) in the sequence obtained by taking a convex combination of

all the previous iterates xt, and the superscript “md” (which stands for “middle”) in

the sequence obtained by taking a convex combination of the current iterate xt with

the current aggregated iterate xagt . The algorithm is stated as follows.

The AC-SA algorithm:

0) Let the initial points xag1 = x1, and the step-sizes {βt}t≥1 and {γt}t≥1 be given.

Set t = 1.

1) Set xmdt = β−1t xt + (1− β−1t )xagt ,

2) Call the SO for computing G(xmdt , ξt). Set

xt+1 = Pxt(γtG(xmdt , ξt)), (28)

xagt+1 = β−1t xt+1 + (1− β−1t )xagt , (29)

3) Set t← t+ 1 and go to step 1.

end

We now make a few comments regarding the AC-SA algorithm described above.

Firstly, similarly to the mirror descent SA algorithm, we assume that the initial point

x1 is the minimizer of ω over X. Secondly, it is worth noting that the major computation

cost in each iteration of the AC-SA algorithm is exactly the same as the one of the

mirror descent SA algorithm, that is, each iteration of the above algorithm requires only

one call to the SO and one solution of the subproblem (28). Thirdly, while Nesterov’s

optimal method and its variants [32–34,1,18,50] were designed for solving deterministic

smooth convex optimization problems, the AC-SA algorithm described above is capable

of solving non-smooth and stochastic convex optimization problems as well.

Remark 2 Note that the above AC-SA algorithm is a little simpler than the original

Nesterov’s method in [32–34], whose comprehension seems a bit difficult. Here we would

like to provide some intuitive explanation of the updates of the AC-SA algorithm,

driven from the point view of the proximal-type algorithms. For the sake of simplicity,

let us suppose that the first-order information is exact, i.e., σ = 0. Observe that the

points xmdt , t ≥ 1, are used to construct certain model functions of Ψ(·) in (1), namely,

mt(x) := f(xmdt ) + 〈g(xmdt ), x− xmdt 〉.
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The search points xt, t ≥ 1, can be viewed as the prox-centers and the stepsizes γt,

t ≥ 1, control the instability of the model mt(x) so that we will not move too far away

from the current prox-center while taking step (28). The search points xagt , t ≥ 1, are

used to evaluate the objective values. Since

f(xagt+1) ≤ β−1t f(xt+1) + (1− β−1t )f(xagt ),

the function value of xagt+1 might be smaller than that of xt+1. An immediate improve-

ment of the algorithm would be to take xagt+1 as the one with the smallest objective

value among the following three points, xagt , xt+1 and β−1t xt+1 + (1− β−1t )xagt , pro-

vided that these function values can be easily computed. The essence of Nesterov’s

methods, as well as the AC-SA algorithm, is to coordinate the building of the model

function mt(x), the selection of the prox-center xt and the evaluation of the objective

value through a careful selection of βt and γt, t ≥ 1.

The following theorem states the main convergence results of the AC-SA algorithm

applied to stochastic composite optimization. The proof of this result will be given in

Subsection 4.2.

Theorem 2 Assume that the stepsizes βt ∈ [1,∞) and γt ∈ R+ are chosen such that

β1 = 1 and the following conditions hold

0 < (βt+1 − 1)γt+1 ≤ βtγt and 2Lγt ≤ αβt, ∀t ≥ 1. (30)

Let {xagt+1}t≥1 be the sequence computed according to (29) by the AC-SA algorithm.

Then we have

a) under Assumption A1,

E[Ψ(xagt+1)− Ψ∗] ≤ K̂0(t), ∀ t ≥ 1, (31)

where

K̂0(t) :=
1

(βt+1 − 1)γt+1

[
D2
ω,X +

2

α
(4M2 + σ2)

t∑
τ=1

γ2τ

]
,

M, σ and Dω,X are given in (3), (5) and (14) respectively;

b) under Assumptions A1 and A2,

Prob
{
Ψ(xagt+1)− Ψ∗ > K̂0(t) + ΛK̂1(t)

}
≤ exp{−Λ2/3}+exp{−Λ}, ∀Λ > 0, t ≥ 1,

(32)

where

K̂1(t) :=
1

(βt+1 − 1)γt+1

2Ωω,Xσ

√√√√ t∑
τ=1

γ2τ +
2

α
σ2

t∑
τ=1

γ2τ

 ,
σ and Ωω,X are given in (5) and (14) respectively.
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Remark 3 It is interesting to note the similarity between the results stated in The-

orem 1 for the modified mirror-descent SA and those obtained in Theorem 2 for the

accelerated SA. Comparing (20) with (31) (resp., (21) with (32)), we can easily that the

only difference exists in the factors of K0(t) and K̂0(t) (resp., K1(t) and K̂1(t)). More

specifically, the factor 1/
∑t
τ=1 γt in K0(t) and K1(t) is replaced by 1/[(βt+1−1)γt+1]

in K̂0(t) and K̂1(t) while all other terms are the same.

We now discuss the determination of the stepsizes βt and γt in the accelerated SA

so as to achieve the optimal rate of convergence for solving (1). Observing that a pair

of sequences {βt}t≥1 and {γt}t≥1 satisfying condition (30) is given by:

βt =
t+ 1

2
and γt =

t+ 1

2
γ (33)

for any 0 < γ ≤ α/(2L), we obtain the following corollary of Theorem 2 by appropri-

ately choosing this parameter γ.

Corollary 1 Suppose that the stepsizes βt and γt in the AC-SA algorithm are set to

βt =
t+ 1

2
, γt =

t+ 1

2
min

{
α

2L
,

√
6αDω,X

(N + 2)
3
2 (4M2 + σ2)

1
2

}
, ∀t ≥ 1, (34)

where N is a fixed in advance number of iterations. Then, we have under Assumption

A1,

E[Ψ(xagN+1)− Ψ∗] ≤ K̂∗0 (N) :=
4LΩ2

ω,X

N(N + 2)
+

4Ωω,X
√

4M2 + σ2
√
N

, (35)

if in addition, Assumption A2 holds, then

Prob
{
Ψ(xagN+1)− Ψ∗ > K̂∗0 (N) + ΛK̂∗1 (N)

}
≤ exp{−Λ2/3}+ exp{−Λ}, ∀Λ > 0,

(36)

where

K̂∗1 (N) :=
6Ωω,Xσ√

N
.

Proof. Clearly, the stepsizes {βt}t≥1 and {γt}t≥1 stated in (34) satisfy the condi-

tions β1 = 1, βt > 1,∀t ≥ 2, and (30). Denoting

γ∗ := min

{
α

2L
,

√
6αDω,X

(N + 2)
3
2 (4M2 + σ2)

1
2

}
,

we then conclude from Theorem 2 that, under Assumption A1,

E[Ψ(xagN+1)− Ψ∗] ≤ T0 :=
4D2

ω,X

N(N + 2)γ∗
+

8γ∗(4M2 + σ2)

αN(N + 2)

N∑
τ=1

(
τ + 1

2

)2
, (37)

and that, under Assumptions A1 and A2,

Prob
{
Ψ(xagN+1)− Ψ∗ > T0 + ΛT1)

}
≤ exp{−Λ2/3}+ exp{−Λ}, ∀Λ > 0, (38)

where

T1 :=
8Ωω,Xσ

N(N + 2)

√√√√ N∑
τ=1

(
τ + 1

2

)2
+

8γ∗σ2

N(N + 2)α

N∑
τ=1

(
τ + 1

2

)2
.
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Moreover, using the simple observations
∑N
τ=1(τ+1)2 ≤

∫N+1
1

(u+1)2du ≤ (N+2)3/3,

N + 2 ≤ 3N due to N ≥ 1, and the definition of γ∗, we obtain

T0 ≤
4D2

ω,X

N(N + 2)γ∗
+

2γ∗(4M2 + σ2)(N + 2)2

3αN
≤

8LD2
ω,X

N(N + 2)α
+

8Dω,X(4M2 + σ2)
1
2 (N + 2)

1
2

√
6αN

≤
8LD2

ω,X

N(N + 2)α
+

8Dω,X(4M2 + σ2)
1
2

√
2αN

=
4LΩ2

ω,X

N(N + 2)
+

4Ωω,X
√

4M2 + σ2
√
N

= K̂∗0 (N),

and

T1 ≤
4Ωω,Xσ√

3N
(N + 2)

1
2 +

2γ∗σ2

3Nα
(N + 2)2 ≤

4Ωω,Xσ√
N

+
2σ2(N + 2)

1
2

3N
√
α

√
6Dω,X√

4M2 + σ2

≤
4Ωω,Xσ√

N
+

2
√

2Dω,Xσ√
αN

=
6Ωω,Xσ√

N
= K̂∗1 (N).

Our claim immediately follows by substituting the above bounds of T0 and T1 into (37)

and (38).

We now make a few observations regarding the results obtained in Theorem 2 and

Corollary 1. Firstly, it is interesting to compare bounds (35) and (22) obtained for the

AC-SA algorithm and the mirror descent SA algorithm respectively. Clearly, the first

one is always better than the latter one up to a constant factor provided that L > 0.

Moreover, the AC-SA algorithm substantially enlarges the range of L in which the L-

component (the first component in (35)) does not affect the error estimate. Specifically,

within the range

L ≤
√

4M2 + σ2N
3
2

Ωω,X
, (39)

which extends much faster than (26) as N increases, the L-component does not change

the order of magnitude for the rate of convergence associated with the AC-SA algo-

rithm.

Secondly, observe that the results obtained in Theorem 2 and Corollary 1 still

hold when the Lipschitz constant L = 0. More specifically, we consider the case where

f(x) = 0 for any x ∈ X. In this case, the stepsizes {βt}t≥1 and {γt}t≥1 in (34) become

βt =
t+ 1

2
, γt =

√
6αDω,X(t+ 1)

2(N + 2)
3
2 (4M2 + σ2)

1
2

, 1 ≤ t ≤ N + 1,

and the error estimate (35) reduces to

E[h(xagN+1)− h∗] ≤
4Ωω,X

√
4M2 + σ2
√
N

,

where h∗ := minx∈X h(x). Note also that one alternative characterization of xagN+1 is

given by

xagN+1 =
2

N + 1
xN+1 +

N − 1

N + 1
xagN =

∑N
t=1(txt+1)∑N

t=1 t
.

Hence, in contrast to the usual constant stepsize or decreasing stepsize policy (see [30]),

the stepsizes γt in step (28) and the weights for taking the average in step (29) are
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increasing with the increment of t. It is worth noting that the aforementioned increasing

stepsize policy applies directly to the search points xt, t ≥ 2, while a previously defined

increasing stepsize policy in [35] is used for aggregating the subgradients that have been

computed.

Finally, note that if there is no stochastic error for the computed subgradient of Ψ ,

i.e., σ = 0, then it follows from (35) that

Ψ(xagN+1)− Ψ∗ ≤
4LΩ2

ω,X

N(N + 2)
+

8Ωω,XM√
N

,

which implies that the impact of the smooth component on the efficiency estimate

vanishes very quickly as N grows. This result also seems to be new in the literature of

deterministic convex optimization.

3.2 Application to stochastic programming

The goal of this subsection is to demonstrate the significant advantages of the AC-SA

algorithm over the existing algorithms, for example, the mirror descent SA algorithm,

when applied for solving certain class of stochastic programming problems.

Consider the problem of

h̃∗ := min
x

{
h̃(x) := E[H̃(x, ξ)]

}
s.t. Ax− b = 0, x ∈ X,

(40)

where X ⊂ Rn is a nonempty compact convex set, A : Rn → Rm is a linear operator,

b ∈ Rm is given, ξ is a random vector whose probability distribution P is supported

on set Ξ ⊆ Rd and H : X × Ξ → R. We assume that for every ξ ∈ Ξ the function

H̃(·, ξ) is convex on X, and that the expectation

E[H̃(x, ξ)] =
∫
Ξ
H̃(x, ξ)dP (ξ) (41)

is well defined and finite valued for every x ∈ X. It follows that function h̃(·) is

convex and finite valued on X. Moreover, we assume that h̃(·) is continuous on X. Of

course, continuity of h̃(·) follows from convexity if h̃(·) is finite valued and convex on

a neighborhood of X. With these assumptions, (40) becomes a convex programming

problem. We also make the following assumptions:

A3:

a) It is possible to generate an iid sample ξ1, ξ2, ..., of realizations of random vector ξ.

b) We have access to a “black box” subroutine (a stochastic oracle). At i-th call, x ∈ X
being the input, the oracle returns a stochastic subgradient – a vector H̃(x, ξi) such

that for every x ∈ X, the vector E[H̃(x, ξ)] is well defined and is a subgradient of

h̃(·) at x. Observe that, under certain regularity assumptions [48,30], H̃(x, ξ) can

be taken as a measurable subgradient of the function H̃(x, ξ) in (40).

c) There is a constant M > 0 such that

∀x ∈ X : E
[
exp{‖H̃(x, ξ)‖2∗/M2}

]
≤ exp{1}. (42)
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For the case where the feasible region consists only of the simple convex set X,

or equivalently A ≡ 0, Nemirovski et. al. demonstrated in [30] that the mirror de-

scent SA algorithm can substantially outperform the sampling averaging approxima-

tion (Shapiro [45]), a widely used approach for stochastic programming in practice.

When A is not identically 0, the mirror descent SA algorithm can still be applied

directly to problem (40) but this approach would require the computation of the prox-

mapping onto the feasible region X ∩ {x : Ax − b = 0}, which can be very expensive

for many practical problems. Moreover, the selection of the norm ‖ · ‖ and the distance

generating function ω will be problem dependent. In other words, it is not clear what

is the optimal way for choosing these parameter settings. More discussions about the

parameter settings when the domain is relatively simple were given in [30,21].

One alternative approach to alleviate this difficulty is to apply the quadratic penalty

approach: instead of solving (40), we solve certain penalization problem of (40) obtained

by penalizing the violation of the constraint Ax− b = 0. In particular, given a penalty

parameter ρ > 0, we solve

Ψ̃∗ = Ψ̃∗ρ := inf
x∈X

{
Ψ̃ρ(x) := f̃ρ(x) + h̃(x)

}
, (43)

where f̃ρ(x) := ρ‖Ax− b‖2/2 and ‖ · ‖ denotes the norm induced by the inner product

〈·, ·〉 in Rm. Define the operator norm ‖A‖ := max{‖Ax‖∗ : ‖x‖ ≤ 1}. It can be easily

seen that ∇f̃ρ(x) = ρA∗(Ax− b) and hence that

‖∇f̃ρ(x)−∇f̃ρ(x′)‖∗ = ρ‖A∗A(x−x′)‖∗ ≤ ρ‖A∗‖‖A‖‖x−x′‖ = ρ‖A‖2‖x−x′‖, ∀x, x′ ∈ X,
(44)

where the last equality follows from the fact that ‖A‖ = ‖A∗‖. Moreover, in view of As-

sumption A3 and Jensen’s inequality, for any x ∈ X, there exists h̃′(x) := E[H̃(x, ξt)] ∈
∂h̃(x) such that E[‖H̃(x, ξt)‖2∗] ≤M2 and hence that ‖h̃′(x)‖∗ = ‖E[H̃(x, ξt)]‖∗ ≤M,

which together with the fact h̃(x) − h̃(x′) ≤ 〈h̃′(x), x − x′〉, ∀x, x′ ∈ X due to the

convexity of h̃, clearly imply that

|h̃(x)− h̃(x′)| ≤ M‖x− x′‖, ∀x, x′ ∈ X. (45)

Therefore, the penalization problem (43) is given in the form of (1) and hence can be

approximately solved by either the modified mirror descent SA or the AC-SA algorithm

developed in this paper.

It is well-known that the near-optimal solutions of the penalization problem (43)

also yield near-optimal solutions of (40) if the penalty parameter ρ is sufficiently large.

In this paper, we are interested in obtaining one particular type of near-optimal solu-

tions of (40) defined in the following way. First note that x∗ is an optimal solution of

(40) if, and only if, x∗ ∈ X, Ax∗ − b = 0 and h̃(x∗) ≤ h̃∗. This observation leads us to

our definition of a near optimal solution x̃ ∈ X of (40), which essentially requires the

primal infeasibility measure ‖Ax̃− b‖2 and the primal optimality gap [h̃(x̃)− h̃∗]+ to

be both small [19].

Definition: Let εp, εo > 0 be given, x̃ ∈ X is called an (εp, εo)-primal solution for (40)

if

‖Ax̃− b‖ ≤ εp and h̃(x̃)− h̃∗ ≤ ε0. (46)
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One drawback of the above notion of near optimality of x̃ is that it says nothing

about the size of [h̃(x̃)− h̃∗]−. Assume that the set of Lagrange multiplier for (40)

Y ∗ := {y ∈ Rm : h̃∗ = inf{h̃(x) + 〈Ax− b, y〉 : x ∈ X}

is nonempty. It was observed in [19] that this quantity can be bounded as [h̃(x̃)−h̃∗]− ≤
εp‖y∗‖, where y∗ ∈ Y ∗ is an arbitrary Lagrange multiplier for (40). It is worth noting

that some other types of near-optimal solutions of (40), for example, the primal-dual

near-optimal solutions defined in [19], can also be obtained by applying the quadratic

penalty approach.

We are now ready to state the iteration-complexity bounds for the modified mirror

descent SA and the AC-SA algorithm, applied to the penalization problem (43), to

compute an (εp, εo)-primal solution of (40).

Theorem 3 Let y∗ be an arbitrary Lagrange multiplier for (40). Also let the confidence

level η ∈ (0, 1) and the accuracy tolerance (εp, εo) ∈ R++ ×R++ be given. If

ρ = ρ(ν) :=

(√
εo + 4εp ν +

√
εo√

2εp

)2

(47)

for some ν ≥ ‖y∗‖, then, with probability greater than 1− η,

a) the modified mirror descent SA algorithm applied to (43) finds an (εp, εo)-primal

solution of (40) in at most

Nmd(ν) :=
⌈
max

{
2R(ν)2, (8

√
2 + 12λ)2S

}⌉
(48)

iterations;

b) the AC-SA algorithm applied to (43) finds an (εp, εo)-primal solution of (40) in at

most

Nac(ν) :=
⌈
max

{
2
√

2R(ν), (16
√

2 + 24λ)2S
}⌉

(49)

iterations,

where λ satisfies exp(−λ2/3) + exp(−λ) ≤ η (clearly λ = O(1) log 1/η),

R(ν) :=

√
ρ(ν)‖A‖Ω
√
εo

, S :=

(
ΩM
εo

)2

, (50)

Ω and M are given by (14) and (42) respectively.

We now make a few observations regarding Theorem 3. First, note that the choice

of ρ given by (47) requires ν ≥ ‖y∗‖ and that the iteration-complexity bounds Nmd(ν)

and Nac(ν) obtained in Theorem 3 are non-decreasing with respect to ν. Second, since

the quantity ‖y∗‖ is not known a priori, it is necessary to guess the value of ν. Note

however that the influence of ν, whence ‖y∗‖, on the bound Nac(ν) is much weaker

than that on the bound Nmd(ν). For example, assume that εp = εo = ε. By some
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straightforward computation, it can be easily seen that the value of Nac(ν) does not

change when

‖y∗‖ ≤ ν ≤ 1

4

[(
(16
√

2 + 24λ)2ΩM2

‖A‖ε − 1

)2

− 1

]
,

while the range of ν that does not affect Nmd(ν) is given by

‖y∗‖ ≤ ν ≤ 1

4

[(
(8
√

2 + 12λ)M

‖A‖ − 1

)2

− 1

]
.

In other words, the AC-SA algorithm allows a big range for ν (or ‖y∗‖), as high as

O(1/ε2), without affecting the effort to find good approximate solutions of (40), while

the corresponding one for the modified mirror descent SA algorithm is much smaller,

roughly in O(1). As a consequence, when ε ↓ 0, the size of Lagrange multiplier associ-

ated with the affine constraints does not affect, asymptotically, the rate of convergence

for the AC-SA algorithm applied to (40). Finally, even if ν does affect the bounds

Nac(ν) or Nmd(ν) (i.e., ν sits outside the ranges described above), the first bound is

in O(R(ν)) while the latter one is in O(R(ν)2).

4 Convergence analysis

The goal of this section is to prove the main results of this paper, namely, Theorems

1, 2, and 3.

4.1 Convergence analysis for the modified mirror descent SA

This subsection is to devoted to the proof of Theorem 1. Before proving this result, we

establish a few technical results from which Theorem 1 immediately follows.

Let p(u) be a convex function over a convex set X ∈ E . Assume that û is an optimal

solution of the problem min{p(u)+‖u− x̃‖2 : u ∈ X} for some x̃ ∈ X. Due to the well-

known fact that the sum of a convex and a strongly convex function is also strongly

convex, one can easily see that

p(u) + ‖u− x̃‖2 ≥ min{p(v) + ‖v − x̃‖2 : v ∈ X}+ ‖u− û‖2.

The next lemma generalizes this result to the case where the function ‖u − x̃‖2 is

replaced with the prox-function V (x̃, u) associated with a convex function ω. It can be

viewed as a Bregman version of “growth formula” for strongly convex functions and is

based on a Pythagora like formula for Bregman distances; It is worth noting that the

result described below does not assume the strong-convexity of the function ω.

Lemma 1 Let X be a convex set in E and p, ω : X → R be differentiable convex

functions. Assume that û is an optimal solution of min{p(u)+V (x̃, u) : u ∈ X}. Then,

min{p(u) + V (x̃, u) : u ∈ X} ≤ p(u) + V (x̃, u)− V (û, u), ∀u ∈ X.
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Proof. The definition of û and the fact that p(·) + V (x̃, ·) is a differentiable convex

function imply that

〈∇p(û) +∇V (x̃, û), u− û〉 ≥ 0, ∀u ∈ X,

where ∇V (x̃, û) denotes the gradient of V (x̃, ·) at û. Using the definition of the prox-

function (12), it is easy to verify the following known three points identity:

V (x̃, u) = V (x̃, û) + 〈∇V (x̃, û), u− û〉+ V (û, u), ∀u ∈ X.

Using the above two relations and the assumption that p is convex, we then conclude

that

p(u) + V (x̃, u) = p(u) + V (x̃, û) + 〈∇V (x̃, û), u− û〉+ V (û, u)]

≥ p(û) + V (x̃, û) + 〈∇p(û) +∇V (x̃, û), u− û〉+ V (û, u)

≥ p(û) + V (x̃, û) + V (û, u),

and hence that the lemma holds.

The following lemma summarizes some properties of the objective function Ψ and

f .

Lemma 2 Let the functions Ψ : X → R and f : X → R be defined in (1). We have

0 ≤ f(y)− f(x)− 〈∇f(x), y − x〉 ≤ L
2 ‖y − x‖

2 (51)

0 ≤ Ψ(y)− Ψ(x)− 〈Ψ ′(x), y − x〉 ≤ L
2 ‖y − x‖

2 + 2M‖y − x‖ (52)

for any x, y ∈ X, where Ψ ′(x) ∈ ∂Ψ(x).

Proof. The first inequalities in both relations (51) and (52) follow immediately from

the convexity of f and Ψ respectively. The second inequality in (51) is well-known (see

Theorem 2.1.5 of [33] for a proof). This inequality, together with the fact h(y)−h(x) ≤
M‖y−x‖ due to the Lipschitz-continuity of h and the identity Ψ ′(x) = ∇f(x) +h′(x)

for some h′(x) ∈ ∂h(x), then imply that

Ψ(y) = f(y) + h(y) ≤ f(x) + 〈∇f(x), y − x〉+
L

2
‖y − x‖2 + h(x) +M‖y − x‖

= Ψ(x) + 〈∇f(x), y − x〉+
L

2
‖y − x‖2 +M‖y − x‖

= Ψ(x) + 〈Ψ ′(x), y − x〉+
L

2
‖y − x‖2 +M‖y − x‖ − 〈h′(x), y − x〉

≤ Ψ(x) + 〈Ψ ′(x), y − x〉+
L

2
‖y − x‖2 + 2M‖y − x‖,

where the last inequality follows from (9) with g = h′(x) and d = x− y.

The following lemma establishes an important recursion for the mirror descent SA

algorithm. Before stating this result, we mention the following simple inequality that

will be used more than once in this section:

bu− au2

2
≤ b2

2a
, ∀a > 0. (53)
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Lemma 3 Assume that the stepsizes γτ satisfy Lγτ < α, τ ≥ 1. Let x1, · · · , xτ ∈ X
be given and (xτ+1, x

av
τ+1) ∈ X ×X be a pair computed according (18) and (19). Also

let δτ := G(xτ , ξτ )− g(xτ ), where g(xτ ) = E[G(xτ , ξτ )] ∈ ∂Ψ(xτ ). Then, we have

γτ [Ψ(xτ+1)− Ψ(x)] + V (xτ+1, x) ≤ V (xτ , x) +∆τ (x), ∀x ∈ X, (54)

where

∆τ (x) := γτ 〈δτ , x− xτ 〉+
(2M+ ‖δτ‖∗)2γ2τ

2(α− Lγτ )
. (55)

Proof. Denoting dτ := xτ+1 − xτ , due to the strong-convexity of ω, we have

α‖dτ‖2/2 ≤ V (xτ , xτ+1), which together with (52), then imply that

γτΨ(xτ+1) ≤ γτ [Ψ(xτ ) + 〈g(xτ ), dτ 〉+
L

2
‖dτ‖2 + 2M‖dτ‖]

= γτ [Ψ(xτ ) + 〈g(xτ ), dτ 〉] +
α

2
‖dτ‖2 −

α− Lγτ
2

‖dτ‖2 + 2Mγτ‖dτ‖

≤ γτ [Ψ(xτ ) + 〈g(xτ ), dτ 〉] + V (xτ , xτ+1)− α− Lγτ
2

‖dτ‖2 + 2Mγτ‖dτ‖

= γτ [Ψ(xτ ) + 〈G(xτ , ξτ ), dτ 〉]− γτ 〈δτ , dτ 〉+ V (xτ , xτ+1)− α− Lγτ
2

‖dτ‖2 + 2Mγτ‖dτ‖

≤ γτ [Ψ(xτ ) + 〈G(xτ , ξτ ), dτ 〉] + V (xτ , xτ+1)− α− Lγτ
2

‖dτ‖2 + (2M+ ‖δτ‖∗)γτ‖dτ‖

≤ γτ [Ψ(xτ ) + 〈G(xτ , ξτ ), dτ 〉] + V (xτ , xτ+1) +
(2M+ ‖δτ‖∗)2γ2τ

2(α− Lγτ )
,

where the last inequality follows from (53) with u = ‖dτ‖, b = (2M + ‖δτ‖∗)γτ , and

a = α− Lγτ .

Moreover, it follows from the identity (18), (13), and Lemma 1 with x̃ = xτ ,

û = xτ+1, and p(·) ≡ γτ 〈G(xτ , ξτ ), · − xτ 〉 that

γτΨ(xτ ) + [γτ 〈G(xτ , ξτ ), xτ+1 − xτ 〉+ V (xτ , xτ+1)]

≤ γτΨ(xτ ) + [γτ 〈G(xτ , ξτ ), x− xτ 〉+ V (xτ , x)− V (xτ+1, x)]

= γτ [Ψ(xτ ) + 〈g(xτ ), x− xτ 〉] + γτ 〈δτ , x− xτ 〉+ V (xτ , x)− V (xτ+1, x)

≤ γτΨ(x) + γτ 〈δτ , x− xτ 〉+ V (xτ , x)− V (xτ+1, x),

where the last inequality follows from the convexity of Ψ(·) and the fact g(xτ ) ∈ ∂Ψ(xτ ).

Combining the above two conclusions and rearranging the terms, we obtain (54).

Note that, while relation (2.36) in [30] bounds the optimality gap of the current

iterate xt in the mirror-descent SA, Lemma 3 provides an estimate on the optimality

gap of the next iterate xt+1. This is why we need to incorporate the shifted weights in

the mirror-descent SA algorithm when a smooth component appears in the objective

function. It is possible to derive a relation similar to (2.36) of [30] for unconstrained

smooth CP problems, see Lemma 23 of [20]. However, we still do not know how to

obtain such a formula here for constrained smooth CP problems.

Now let us state the following well-known result for the martingale-difference se-

quence. The proof of this result can be found, for example, in Lemma 2 of [21].
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Lemma 4 Let ξ1, ξ2, ... be a sequence of iid random variables, and ζt = ζt(ξ[t]) be de-

terministic Borel functions of ξ[t] such that E|ξ[t−1]
[ζt] = 0 a.s. and E|ξ[t−1]

[exp{ζ2t /σ2t }] ≤
exp{1} a.s., where σt > 0 are deterministic. Then

∀Λ ≥ 0 : Prob


N∑
t=1

ζt > Λ

√√√√ N∑
t=1

σ2t

 ≤ exp{−Λ2/3}.

We are now ready to prove Theorem 1.

Proof of Theorem 1: Let x̄ be an optimal solution of (1). Summing up (54) from

τ = 1 to t, we have

t∑
τ=1

[
γτ (Ψ(xτ+1)− Ψ∗)

]
≤ V (x1, x̄)− V (xt+1, x̄) +

t∑
τ=1

∆τ (x̄)

≤ V (x1, x̄) +

t∑
τ=1

∆τ (x̄) ≤ D2
ω,X +

t∑
τ=1

∆τ (x̄),

where the last inequality follows from (15), which, in view of the fact that

Ψ(xavt+1) ≤ (

t∑
τ=1

γτ )−1
t∑

τ=1

γτΨ(xτ+1),

then implies that (
t∑

τ=1

γτ

)[
Ψ(xavt+1)− Ψ∗

]
≤ D2

ω,X +

t∑
τ=1

∆τ (x̄). (56)

Denoting ζτ := γτ 〈δτ , x̄− xτ 〉 and observing that

∆τ (x̄) = ζτ +
(2M+ ‖δτ‖∗)2γ2τ

2(α− Lγτ )
≤ ζτ +

γ2τ
α− Lγτ

(
4M2 + ‖δτ‖2∗

)
,

we then conclude from (56) that(
t∑

τ=1

γτ

)[
Ψ(xavt+1)− Ψ∗

]
≤ D2

ω,X +

t∑
τ=1

[
ζτ +

γ2τ
α− Lγτ

(
4M2 + ‖δτ‖2∗

)]

≤ D2
ω,X +

t∑
τ=1

[
ζτ +

2γ2τ
α

(
4M2 + ‖δτ‖2∗

)]
, (57)

where the last inequality follows from the assumption that γt ≤ α/(2L).

Note that the pair (xt, x
av
t ) is a function of the history ξ[t−1] := (ξ1, ..., ξt−1) of

the generated random process and hence is random. Taking expectations of both sides

of (57) and noting that under Assumption A1, E[‖δτ‖2∗] ≤ σ2, and

E|ξ[τ−1]
[ζτ ] = 0, (58)
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we obtain (
t∑

τ=1

γτ

)
E
[
Ψ(xavt+1)− Ψ∗

]
≤ D2

ω,X +
2

α
(4M2 + σ2)

t∑
τ=1

γ2τ ,

which clearly implies part a).

We now show part b) holds. Clearly, by (58), {ζτ}t≥1 is a martingale-difference

sequence. Moreover, it follows from (16) and (17) that

E|ξ[τ−1]

[
exp{ζ2τ /(2γτΩω,Xσ)2}

]
≤ E|ξ[τ−1]

[
exp{(2γτΩω,X‖δτ‖∗)2/(2γτΩω,Xσ)2}

]
≤ exp(1),

The previous two observations, in view of Lemma 4, then imply that

∀Λ ≥ 0 : Prob


t∑

τ=1

ζτ > 2ΛΩω,Xσ

√√√√ t∑
τ=1

γ2τ

 ≤ exp{−Λ2/3}. (59)

Now observe that under Assumption A2,

E|ξτ−1

[
exp{‖δτ‖2∗/σ2}

]
≤ exp{1}.

Setting θτ = γ2τ/
∑t
τ=1 γ

2
τ , we have

exp

{
t∑

τ=1

θt(‖δτ‖2∗/σ2)

}
≤

t∑
τ=1

θτ exp{‖δτ‖2∗/σ2},

whence, taking expectations,

E

[
exp

{
t∑

τ=1

γ2τ‖δτ‖2∗/

(
σ2

t∑
τ=1

γ2τ

)}]
≤ exp{1}.

It then follows from Markov’s inequality that

∀Λ ≥ 0 : Prob

{
t∑

τ=1

γ2τ‖δτ‖2∗ > (1 + Λ)σ2
t∑

τ=1

γ2τ

}
≤ exp{−Λ}. (60)

Combining (57), (59), and (60), and rearranging the terms, we obtain (21).

4.2 Convergence analysis for the accelerated SA

The goal of this subsection is to prove Theorem 2.

In the sequel, with a little abuse of the notation, we use the following entity to

denote the error for the computed subgradient at each iteration t of the AC-SA algo-

rithm:

δt := G(xmdt , ξt)− g(xmdt ),

where g(xmdt ) = E[G(xmdt , ξt)] ∈ ∂Ψ(xmdt ) under Assumption A1.

The following lemma establishes an important recursion for the AC-SA algorithm.
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Lemma 5 Assume that the stepsizes βτ and γτ satisfy βτ ≥ 1 and Lγτ < αβτ for all

τ ≥ 1. Let (xτ , x
ag
τ ) ∈ X ×X be given and set xmdτ ≡ β−1τ xτ + (1− β−1τ )xagτ . Also let

(xτ+1, x
ag
τ+1) ∈ X ×X be a pair computed according to (28) and (29). Then, for every

x ∈ X, we have

βτγτ [Ψ(xagτ+1)− Ψ(x)] + V (xτ+1, x) ≤ (βτ − 1)γτ [Ψ(xagτ )− Ψ(x)] + V (xτ , x) + ∆̂τ ,

where

∆̂τ = ∆̂τ (x) := γτ 〈δτ , x− xτ 〉+
(2M+ ‖δτ‖∗)2βτγ2τ

2(αβτ − Lγτ )
. (61)

Proof. Denoting dτ := xτ+1 − xτ , it can be easily seen that

xagτ+1 − x
md
τ = β−1τ xτ+1 + (1− β−1τ )xagτ − xmdτ = β−1τ (xτ+1 − xτ ) = β−1τ dτ .

The above observation together with (52) and the relation α‖dτ‖2/2 ≤ V (xτ , xτ+1)

then imply that

βτγτΨ(xagτ+1) ≤ βτγτ [Ψ(xmdτ ) + 〈g(xmdτ ), xagτ+1 − x
md
τ 〉+ L

2 ‖x
ag
τ+1 − x

md
τ ‖2 + 2M‖xagτ+1 − x

md
τ ‖]

= βτγτ [Ψ(xmdτ ) + 〈g(xmdτ ), xagτ+1 − x
md
τ 〉] + Lγτ

2βτ
‖dτ‖2 + 2Mγτ‖dτ‖

≤ βτγτ [Ψ(xmdτ ) + 〈g(xmdτ ), xagτ+1 − x
md
τ 〉] + V (xτ , xτ+1)− αβτ−Lγτ

2βτ
‖dτ‖2 + 2Mγτ‖dτ‖.

Noting that

βτγτ [Ψ(xmdτ ) + 〈g(xmdτ ), xagτ+1 − x
md
τ 〉] = βτγτ [Ψ(xmdτ ) + 〈g(xmdτ ), (1− β−1τ )xagτ + β−1τ xτ+1 − xmdτ 〉]

= (βτ − 1)γτ [Ψ(xmdτ ) + 〈g(xmdτ ), xagτ − xmdτ 〉] + γτ [Ψ(xmdτ ) + 〈g(xmdτ ), xτ+1 − xmdτ 〉]

≤ (βτ − 1)γτΨ(xagτ ) + γτ [Ψ(xmdτ ) + 〈g(xmdτ ), xτ+1 − xmdτ 〉]

= (βτ − 1)γτΨ(xagτ ) + γτ [Ψ(xmdτ ) + 〈G(xmdτ , ξτ ), xτ+1 − xmdτ 〉 − 〈δτ , xτ+1 − xmdτ 〉]

= (βτ − 1)γτΨ(xagτ ) + γτ [Ψ(xmdτ ) + 〈G(xmdτ , ξτ ), xτ+1 − xmdτ 〉 − 〈δτ , xτ − xmdτ 〉 − 〈δτ , dτ 〉]

≤ (βτ − 1)γτΨ(xagτ ) + γτ [Ψ(xmdτ ) + 〈G(xmdτ , ξτ ), xτ+1 − xmdτ 〉 − 〈δτ , xτ − xmdτ 〉+ ‖δτ‖∗‖dτ‖],

we conclude from the previous conclusion that

βτγτΨ(xagτ+1) ≤ (βτ − 1)γτΨ(xagτ ) + γτ [Ψ(xmdτ ) + 〈G(xmdτ , ξτ ), xτ+1 − xmdτ 〉] + V (xτ , xτ+1)

−γτ 〈δτ , xτ − xmdτ 〉 − αβτ−Lγτ
2βτ

‖dτ‖2 + (2M+ ‖δτ‖∗)γτ‖dτ‖

≤ (βτ − 1)γτΨ(xagτ ) + γτ [Ψ(xmdτ ) + 〈G(xmdτ , ξτ ), xτ+1 − xmdτ 〉] + V (xτ , xτ+1)

−γτ 〈δτ , xτ − xmdτ 〉+
(2M+‖δτ‖∗)2βτγ2

τ

2(αβτ−Lγτ ) ,

where the last inequality follows from (53) with u = ‖dτ‖, b = (2M + ‖δτ‖∗)γτ , and

a = (αβτ − Lγτ )/βτ .

Moreover, it follows from the identity (28), (13), and Lemma 1 with x̃ = xτ ,

û = xτ+1, and p(·) ≡ γτ 〈G(xmdτ , ξτ ), · − xmdτ 〉 that

γτΨ(xmdτ ) + [γτ 〈G(xmdτ , ξτ ), xτ+1 − xmdτ 〉+ V (xτ , xτ+1)]

≤ γτΨ(xmdτ ) + [γτ 〈G(xmdτ , ξτ ), x− xmdτ 〉+ V (xτ , x)− V (xτ+1, x)]

= γτ [Ψ(xmdτ ) + 〈g(xmdτ ), x− xmdτ 〉] + γτ 〈δτ , x− xmdτ 〉+ V (xτ , x)− V (xτ+1, x)

≤ γτΨ(x) + γτ 〈δτ , x− xmdτ 〉+ V (xτ , x)− V (xτ+1, x),
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where the last inequality follows from the convexity of Ψ(·) and the fact g(xmdτ ) ∈
∂Ψ(xmdτ ).

Combining the previous two conclusions, we obtain

βτγτΨ(xagτ+1) ≤ (βτ − 1)γτΨ(xagτ ) + γτΨ(x) + V (xτ , x)− V (xτ+1, x)+

γτ 〈δτ , x− xτ 〉+
(2M+‖δτ‖∗)2βτγ2

τ

2(αβτ−Lγτ )

Our claim immediately follows from the above inequality by subtracting βτγτΨ(x)

from both sides and rearranging the terms.

We are now ready to prove Theorem 2.

Proof of Theorem 2: Let x̄ be an optimal solution of (1). It follows from the fact

that Ψ(x) ≥ Ψ(x̄) = Ψ∗, ∀x ∈ X, the fact βτ ≥ 1, (30), and Lemma 5 with x = x̄ that,

for any t ≥ 1,

(βt+1 − 1)γt+1[Ψ(xagt+1)− Ψ∗] ≤ βtγt[Ψ(xagt+1)− Ψ∗]

≤ (βt − 1)γt[Ψ(xagt )− Ψ∗] + V (xt, x̄)− V (xt+1, x̄) + ∆̂t(x̄),

from which it follows inductively that

(βt+1 − 1)γt+1[Ψ(xagt+1)− Ψ∗] ≤ (β1 − 1)γ1[Ψ(xag1 )− Ψ∗] + V (x1, x̄)− V (xt+1, x̄) +

t∑
τ=1

∆̂τ (x̄)

= V (x1, x̄)− V (xt+1, x̄) +

t∑
τ=1

∆̂τ (x̄) ≤ D2
ω,X +

t∑
τ=1

∆̂τ (x̄),

where the first equality follows from the assumption β1 = 1 and the last inequality

follows from (15) and the fact V (xt+1, x̄) ≥ 0.

Denoting ζτ := γτ 〈δτ , x̄− xτ 〉 and observing that

∆̂τ (x̄) = ζτ +
(2M+ ‖δτ‖∗)2βτγ2τ

2(αβτ − Lγτ )
≤ ζτ +

βτγ
2
τ

αβτ − Lγτ
(4M2 + ‖δτ‖2∗)

≤ ζτ +
2

α
(4M2 + ‖δτ‖2∗)γ2τ ,

where the last inequality follows from (30), we then conclude from the previous obser-

vation that

(βt+1 − 1)γt+1[Ψ(xagt+1)− Ψ(x̄)] ≤ D2
ω,X +

t∑
τ=1

[
ζτ +

2

α
(4M2 + ‖δτ‖2∗)γ2τ

]
. (62)

Note that the triple (xt, x
ag
t , xmdt ) is a function of the history ξ[t−1] := (ξ1, ..., ξt−1)

of the generated random process and hence is random. Taking expectations of both

sides of (62) and noting that under Assumption A1, E[‖δτ‖2∗] ≤ σ2 and E|ξ[τ−1]
[ζτ ] = 0,

we obtain

(βt+1 − 1)γt+1E[Ψ(xagt+1)− Ψ∗] ≤ D2
ω,X +

2

α
(4M2 + σ2)

t∑
τ=1

γ2τ ,

which clearly implies part a).

The proof of part b) is similar to the one of Theorem 1.b), and hence the details

are skipped.
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4.3 Convergence analysis for quadratic penalty method

The goal of this subsection is to prove Theorem 3.

Lemma 6 Assume that ρ > 0 in (43). If x̃ ∈ X is an approximate solution of (43)

satisfying

Ψ̃ρ(x̃)− Ψ̃∗ρ ≤ δ, (63)

then

‖Ax̃− b‖ ≤ 2

ρ
‖y∗‖+

√
2δ

ρ
(64)

h̃(x̃)− h̃∗ ≤ δ, (65)

where y∗ is an arbitrary Lagrange multiplier associated with (40).

Proof. Let v(u) := inf{h̃(x) : Ax− b = u, x ∈ X} be the value function associated

with (40). It is well-known (c.f. Theorem 29.1 of [43]) that our assumptions imply that

v is a convex function such that −y∗ ∈ ∂v(0). Hence,

v(u)− v(0) ≥ 〈−y∗, u〉 ∀u ∈ Rm.

Letting u := Ax̃−b, we conclude from the above observation, the facts that v(u) ≤ h̃(x̃)

and v(0) ≥ Ψ̃∗ρ , and assumption (63), that

−‖y∗‖‖u‖+ ρ‖u‖2/2 ≤ 〈−y∗, u〉+ ρ‖u‖2/2
≤ v(u)− v(0) + ρ‖u‖2/2 ≤ h̃(x̃) + ρ‖u‖2/2− v(0)

≤ h̃(x̃) + ρ‖u‖2/2− Ψ̃∗ρ = Ψ̃ρ(x̃)− Ψ̃∗ρ ≤ δ,

which clearly implies (64). Moreover, the fact that h̃∗ = v(0) ≥ Ψ̃∗ρ implies that

h̃(x̃)− h̃∗ ≤ h̃(x̃) + ρ‖u‖2/2− Ψ̃∗ρ = Ψ̃ρ(x̃)− Ψ̃∗ρ ≤ δ.

We are now ready to prove Theorem 3.

Proof of Theorem 3: Let ρ = ρ(ν) for some ν ≥ ‖y∗‖ and assume that x̃ ∈ X

satisfies (63) with δ = εo. Let ρ∗ := ρ(‖y∗‖) and observe that ρ∗ ≤ ρ(ν) for every

ν ≥ ‖y∗‖. It follows from the previous observation and Lemma 6 that h̃(x̃)− h̃∗ ≤ εo
and

‖Ax̃− b‖ ≤ 2

ρ(ν)
‖y∗‖+

√
2εo
ρ(ν)

≤ 2

ρ∗
‖y∗‖+

√
2εo
ρ∗

=
1
√
ρ∗

(
2
√

2εp ‖y∗‖√
εo + 4εp‖y∗‖+

√
εo

+
√

2εo

)

=
1
√
ρ∗

(√
εo + 4εp‖y∗‖ −

√
εo√

2
+
√

2εo

)
=

√
εo +

√
εo + 4εp‖y∗‖√
2ρ∗

= εp,

and hence that x̃ is an (εp, εo)-primal solution of (40).

Clearly, by (44), we have L = ρ‖A‖2. Observe that the gradient for the smooth

component f̃ρ in Ψ̃ρ (see (43)) can be computed exactly and hence that the error of

approximating the subgradient of Ψ̃ρ exists only in the non-smooth component h̃. For
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any given point x ∈ X, let H̃(x, ξt) be the output from the stochastic oracle of h̃ and

h̃′(x) = E[H̃(x, ξt)]. It follows from (9), Jensen’s inequality, and Assumption A3.c) that

E
[
exp

{
‖H̃(x, ξ)− h̃′(x)‖2∗/(4M2)

}]
≤ E

[
exp

{(
2‖H̃(x, ξ)‖2∗ + 2‖h̃′(x)‖2∗

)
/(4M2)

}]
≤ E

[
exp

{(
2‖H̃(x, ξ)‖2∗ + 2M2

)
/(4M2)

}]
≤ exp(1/2)E

[
exp

{
‖H̃(x, ξ)‖2∗/(2M2)

}]
≤ exp(1/2)

(
E
[
exp

{
‖H̃(x, ξ)‖2∗/M2

}]) 1
2 ≤ exp(1),

which then implies that Assumption A2 holds with σ = 2M. The previous observations

together with (22) and (24) then imply that

K∗0 (Nmd) + λK∗1 (Nmd) =
ρ‖A‖2Ω2

Nmd
+

4
√

2 + 3λ√
Nmd

ΩM≤ εo
2

+
εo
2
≤ εo.

The previous conclusion, in view of the definition of λ and (24), clearly imply the claim

in part a). Part b) follows similarly from (36) and the definition of λ, by noting that

K̂∗0 (Nac) + λK̂∗1 (Nac) =
4ρ‖A‖2Ω2

Nac(Nac + 2)
+

8
√

2 + 12λ√
Nac

ΩM≤ 4ρ‖A‖2Ω2

N2
ac

+
8
√

2 + 12λ√
Nac

ΩM

≤ εo
2

+
εo
2
≤ εo.

5 Concluding remarks

In this paper, two subgradient-type methods for solving the stochastic composite prob-

lem (1), namely: the modified mirror descent SA and AC-SA algorithm, are analyzed

and compared. From the theoretical view of perspective, our contributions are to close

the theoretical gap between the lower and upper bounds on the rate of convergence

for solving this class of problems and to develop the first universally optimal method

in convex optimization through a unified convergence analysis for non-smooth, smooth

and stochastic convex optimization. Some important properties on the penalty-based

approaches are also discovered for the first time in the literature with the develop-

ment of the AC-SA algorithm. These results will greatly extend the application of the

mirror descent SA-type algorithms to convex programming problems with more struc-

tured objective functions or more complicated feasible regions. Moreover, we believe

that the AC-SA algorithm developed here possesses significant potential of applica-

tion, in those traditional areas for stochastic approximation, e.g., statistical learning,

Markov-decision process and digital signal processing.
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44. A. Ruszczyński and W. Sysk. A method of aggregate stochastic subgradients with on-line

stepsize rules for convex stochastic programming problems. Mathematical Programming
Study, 28:113–131, 1986.

45. A. Shapiro. Monte carlo sampling methods. In A. Ruszczyński and A. Shapiro, editors,
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