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Abstract

The construction of good starting solutions for multi-start local search heuristics is an important, yet not well-studied
problem. In these heuristics, randomization methods are usually applied to explore new promising areas and memory
mechanisms are incorporated with the main purpose of reinforcing good solutions. Under the template of a typical mul-
ti-start metaheuristic, Meta-RaPS (Meta-heuristic for Randomized Priority Search), this paper presents several random-
ization methods and memory mechanisms with a focus on comparing their effectiveness and analyzing their interaction
effects. With the Set Covering Problem (SCP) as the application problem, it is found that these randomization methods
work well for Meta-RaPS with an improvement phase while the memory mechanisms better the solution quality of the
construction phase. The quality and efficiency of Meta-RaPS can be improved through the use of both memory mecha-
nisms and randomization methods. This paper also discovers several efficient algorithms that maintain a good balance
between randomness and memory and finds the optimal or best-known solutions for the 65 SCP test instances from the
OR-library.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Multi-start heuristics can usually be characterized as iterative procedures consisting of two phases: the con-
struction phase in which a solution is generated and the improvement phase in which the starting solution is
typically (but not necessarily) improved by neighborhood search methods. The entire procedure is repeated a
number of iterations or certain amount of time, and the best solution is then reported. As each iteration usu-
ally produces a local optimal solution, restarting the search helps to explore new areas in the solution space
and overcome the local optimality. Randomness has been incorporated into most multi-start heuristics to
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construct diversified starting solutions. In the classical multi-start heuristics the starting solutions are gener-
ated completely randomly. As a well-known multi-start heuristic, GRASP (Greedy Randomized Adaptive
Search Procedure) (Feo, Mauricio, & Resende, 1995) attempts to generate starting solution with good solution
quality by introducing randomness systematically into greedy heuristics. Meta-RaPS (Meta-heuristic for Ran-
domized Priority Search) is a more recent multi-start meta-heuristic developed by DePuy, Whitehouse, and
Moraga (2002). It evolved from a heuristic designed by Arcus (1966) to solve the assembly line balancing prob-
lem – COMSOAL (Computer Method of Sequencing Operations for Assembly Lines). The theme of Meta-
RaPS is to utilize randomness in a systematic fashion. As will be explained later, Meta-RaPS can also be
viewed as a generalization of some other algorithms, such as GRASP, and is more flexible and more effective
in many cases. In addition, several multi-start heuristics designed for particular problems that integrate some
random factors can be found in the literature (Boese, Kahng, & Muddu, 1994; Patterson, Rolland, & Pirkul,
1999).

One way to improve the starting solutions is to incorporate a memory mechanism into the construc-
tion phase which tries to identify elements that are common to good solutions and utilize this informa-
tion to produce better starting solutions in later iterations, such that the solution quality and/or efficiency
of the overall algorithm can be improved. Fleurent and Glover (1999) found that incorporating adaptive
memory can enhance the solution quality for the construction phase when applying GRASP for the Qua-
dratic Assignment Problem (QAP). It should be noted that memory mechanisms are usually coupled with
certain diversification elements to avoid quick convergence to the same local optimum. On the other
hand, since an important principle for multi-start heuristics is to achieve proper diversity in the construc-
tion phase while the intensified search is applied in the improvement phase, the lack of memory is not as
unreasonable as might be imagined as constructing independent starting solutions may be viewed as stra-
tegically sampling the solution space (Martı́, 2003). Actually, the effectiveness of incorporating memory
into the multi-start heuristics in which the intensified neighborhood search is applied has not been well
studied.

This research investigates the effectiveness of a variety of randomization methods and memory mechanisms
in Meta-RaPS and attempts to maximize the benefits from both methods. We first present methods to intro-
duce random factors into the construction phase. Since Meta-RaPS is originally a memoryless metaheuristic in
that it does not learn from previous iterations, we then devise a variety of memory mechanisms that include
how to represent the information from the previous iterations and how to make use of these pieces of histor-
ical information. The major effort focuses on the experimental study to analyze the relative benefits from these
randomization and memory methods and proposes algorithms that maintain a good balance between random-
ness and memory to improve the overall solution quality and efficiency.

Notice that memory mechanisms have also been incorporated into modern implementations of GRASP
(Greedy Randomized Adaptive Search Procedure), a popular multi-start local search heuristic (Pitsoulis &
Resende, 2002; Resende & Ribeiro, 2003, 2005). For example, in reactive GRASP, the parameter to control
the construction of starting solutions is adjusted according to the quality of the previously generated solutions.
A significant breakthrough in GRASP is to incorporate path-relinking as an additional phase each iteration
after the local search, and/or as an post-optimization phase after all iterations of GRASP have been per-
formed. The memory methods used in Meta-RaPS differ from those used in both reactive GRASP and
GRASP with path-relinking in the following aspects. First, the memory methods presented in this paper,
namely, priority rules with fitness and partial construction, are intrinsic in the construction phase to obtain
good starting solutions. They are neither methods to adaptively adjust parameter settings nor extended
post-optimization phases. More importantly, these memory methods in Meta-RaPS are expected to collabo-
rate with several randomization techniques, which are also intrinsic in the construction phase to diversify the
search, while reactive GRASP or GRASP with path-relinking only applies the intensification techniques.
Third, Meta-RaPS gathers historical information pertaining to basic elements in a solution to evaluate their
utility, while reactive GRASP and GRASP with path-relinking usually only seek information about solutions
for neighborhood transition. In Section 5.4 we provide experimental results, which show that Meta-RaPS out-
performs an implementation of reactive GRASP with path relinking. Nevertheless, we believe that the post-
optimization phases or parameter-setting techniques in the modern GRASP may be incorporated into Meta-
RaPS, which would involve the trade-off between solution quality and efficiency.
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The Set Covering Problem (SCP) is used to evaluate the randomness and memory techniques developed in
this paper. The SCP is a fundamental problem in operations research and usually described as the problem of
covering the rows of an m-row, n-column, zero-one matrix (aij) by a subset of the columns at minimal cost.
The formal binary integer program model of the SCP is defined as follows. Let I = {1,2, . . . ,m} be indices
the rows, J = {1, 2, . . . ,n} be indices the columns and

xj ¼
1 if column j belongs to the solution

0 Otherwise for j 2 J

�

Minimize
X
j2J

cjxj ð1Þ

Subject to:X
j2J

aijxj P 1 for i 2 I ð2Þ

and xj ¼ 0 or 1; for j 2 J ð3Þ
The following notations are often used for describing the set covering problem.

J i ¼ fj 2 J : aij ¼ 1g : the subset of columns covering row i:

Ij ¼ fi 2 I : aij ¼ 1g : the subset of rows covered by column j:

The SCP is an NP-hard problem and many heuristic algorithms (Aickelin, 2002; Beasley & Chu, 1996; Capr-
ara, Fischetti, & Toth, 1999; Chvatal, 1979; Lan, DePuy, & Whitehouse, 2006) have been developed to find a
good solution for the SCP in a reasonable time. The genetic algorithm developed by Beasley and Chu (1996),
the Lagaragian relaxation heuristic by Caprara et al. (1999) and Meta-RaPS heuristic by Lan et al. (2006) re-
port the best solution quality.

This article is organized as follows. In Section 2 we discuss how randomness is introduced into basic Meta-
RaPS along with the application for solving the Set Covering Problem. We present some new randomization
methods in Section 3. In Section 4, we propose several memory mechanisms for Meta-RaPS, and then in Sec-
tion 5 we compare the effectiveness of different randomness methods and memory mechanisms and analyze the
interaction between these methods. In addition, our results are compared to other effective heuristics for the
SCP. Finally, conclusions are drawn based on the experimental study and future research directions are pre-
sented in the last section.

2. Meta-RaPS – A template to introduce randomness

Meta-RaPS provides a template to introduce randomness systematically into multi-start heuristics such
that properly diversified starting solutions with good solution quality can be generated and then the intensified
neighborhood search, which is usually quite consuming, will only be applied to those promising starting solu-
tions. The construction heuristic generates a feasible solution by adding basic elements step by step until a
feasible solution is generated. The basic elements in a solution for a given combinatorial problem, such as
the columns in a cover for the SCP, are described by a finite set BE = {1,2, . . . ,n} and the feasible basic ele-
ments (FE � BE) are those elements eligible for selection at each construction step. Each feasible basic element
is characterized by a greedy score (Pi for i 2 FE) according to some priority rule. Dependent on the definition
of the priority rule, the best feasible element might assume either the lowest score or the highest score. Instead
of always choosing the best feasible element as in greedy heuristics, Meta-RaPS introduces randomness via
two parameters: %priority (percentage priority) and %restriction (percentage restriction). The parameter
%priority determines the percentage of time that the best feasible element will be chosen. The remaining time,
the element added to the solution will be randomly chosen from a candidate list (CL) that includes all elements
considered ‘acceptable’. The second parameter, %restriction, is used to determine the level of acceptance and
thus the size of the candidate list. For example, suppose the best feasible element assumes the lowest greedy
score for a particular priority rule, then at a specific iteration, if the element k is the best feasible element
(Pk = min{Pj : j 2 FE}), then CL = {j : j 2 FE and Pj 6 Pk · (1 + %restriction/100)}. The smaller the %prior-
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ity, the more randomness will be introduced. For a given %priority, the larger the %restriction, the more ran-
domness will be introduced.

After a feasible solution is constructed, an improvement algorithm, usually a neighborhood search method,
can be applied to improve the solution quality. The parameter %improvement (percent improvement) is used
to define how many feasible solutions will be improved. Suppose Z�con is the objective function value of the best
solution found before applying the improvement procedure, a constructed solution will be improved if its
objective function value Z 6 ð1þ%improvementÞ � Z�con (for minimization problem). The underlying idea is
the expectation that good unimproved solutions can lead to better neighboring solutions. The differences
between Meta-RaPS and other similar algorithms, such as Greedy Algorithms, COMSOAL and GRASP have
been investigated by DePuy, Moraga, and Whitehouse (2005). Using 100 %priority, and 0 %improvement,
Meta-RaPS acts the same as Greedy Algorithms; Using 0 %priority, 0 %improvement and a large number
of %restriction, Meta-RaPS mimics COMSOAL; Using Meta-RaPS with parameters of 0%priority and
100%improvement will imitate GRASP. So Meta-RaPS could be viewed as a general form of Greedy Algo-
rithms, COMSOAL and GRASP.

To apply Meta-RaPS for solving the set-covering problem, we define the greedy score for each column j as:
Pj = cj/kj in the construction phase, where cj is the cost of column j, and kj is the number of currently uncov-
ered rows that could be covered by column j, i.e. kj ¼ jfi : i 2 I j n [

n2X
Ingj. After a feasible solution is con-

structed, all redundant columns (Given X is a feasible solution and column j 2 X, j is redundant if Xn{j} is
still feasible) will be removed from the solution such that the redundant column with largest cost will be
removed at first. To improve the solution quality, a two-step neighborhood search procedure may be applied
after construction. First, a number of columns are randomly removed from the given constructed solution.
The number of removed columns is equal to jXj · %search_magnitude, where %search_magnitude is a
user-defined parameter. Then the partial solution is made feasible by solving a reduced size SCP that is made
up of the uncovered rows and the columns that could cover these rows. This reduced-size SCP is defined by

min
X
j2J 0

cjxj :
X
j2J 0

aijxj P 1ði 2 I 0Þ; xj ¼ 0 or 1ðj 2 J 0Þ
( )

;

where

I 0 ¼ I n
[
m2X

Im and J 0 ¼
[
i2I 0

J i

The Meta-RaPS SCP construction heuristic is reused for solving this reduced-size SCP and a neighboring solu-
tion is obtained after combining the solution of this smaller SCP with the partial solution, and removing the
redundant columns. We replace the original solution with this neighboring solution if it gives a lower cost, so
the neighborhood search is always executed around the best solution found so far in the current iteration. This
improvement algorithm is repeated a number of iterations (imp_iteration). The pseudo-code for the basic ver-
sion of Meta-RaPS SCP is shown in Fig. 1.

3. More randomization strategies

In most multi-start heuristics, such as GRASP or the basic version of Meta-RaPS, we evaluate all feasible
elements by using a single priority rule. The diversity and quality of solutions in the construction phase are
controlled by adjusting some parameters such as %restriction and %priority. A new randomization method
proposed here is to use multiple priority rules instead of a single priority rule to evaluate these feasible ele-
ments in the construction phase. More specifically, we present two strategies to apply multiple priority rules
as follows.

• Multiple priority rules within an iteration (or intra-iteration randomization): before evaluating the feasible
elements at each construction step in an iteration, a priority rule will be randomly selected from a pool of
these priority rules, and this priority rule will be active only for the current construction step. So in this
strategy, multiple priority rules will be used within an iteration.

G. Lan, G.W. DePuy / Computers & Industrial Engineering 51 (2006) 362–374 365
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• Multiple priority rules between iterations (or inter-iteration randomization): in this strategy, a single prior-
ity rule will be randomly chosen at the beginning of iteration and remain active in this iteration. However,
different priority rules may be used in different iterations.

The idea here is to apply multiple priority rules to have a more comprehensive assessment for the basic ele-
ments. Because more than one priority rule is used, this method gives more probabilistic solutions. It is this
increased randomness from the method that helps to search the regions neglected by using the single priority
rule and lead to better solutions. It should be noted that we may apply different parameters for different pri-
ority rules since the best parameter settings for %priority and %restriction may be different for each priority
rules. Furthermore, the probability distribution to choose the priority rules may not necessarily be uniform.
Instead, a more reasonable probability distribution should be the one that favors more effective priority rules
based on empirical results for each priority rule.

For the Set Covering Problem, we design multiple priority rules by varying the influence of cj and kj. In
addition to apply the priority rule of cj/kj, the effect of changing the ratio of the influence of cj and kj is inves-
tigated. The following priority rules: cj/kj, cj=k2

j , c1=2
j =kj, and cj=k1=2

j form a pool of priority rules. In the first
priority rule, cj and kj have the same influence. In the second and third priority rules, kj assumes a higher role
than cj, while in the last rule, cj is attached more importance. Attaching more importance to kj has two effects.
First, those columns that can cover more rows will assume better priority values and be favored in the con-
struction. Second, since kj changes dynamically in each construction step, placing kj a higher role can usually
increase the variance of generated solutions and thus may also be viewed as a randomization method. Since
for the Set Covering Problem applying the same parameters for all these priority rules and applying the uni-
form distribution in choosing these priority rules can generate very good solutions (Lan et al., 2006), we have
not selected the more complicated and consuming methods for setting parameters and assigning priority rules.

4. Incorporating adaptive memory mechanisms

In the basic Meta-RaPS, iterations are completely independent of each other. One way to enhance Meta-
RaPS is to incorporate memory mechanisms in the construction phase which learn from previously generated
solutions. The historical information about the basic elements is useful for the construction of new solutions.
An information measure, element fitness, is used to record the historical information to be incorporated into
Meta-RaPS construction phase. Notice that while we usually use the fitness to describe the quality or frequen-
cy of the previously generated solutions in evolutionary heuristics such as the Genetic Algorithm, the fitness
proposed here is calculated for basic elements of the solutions. The element fitness is designed based on the
ideas of Tabu Search (Glover & Laguna, 1997). Suppose S is a list of elite solutions that have good solution

Fig. 1. Pseudo-code of Meta-RaPS SCP algorithm.
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quality and proper diversity, and there are r solutions in S. Let Sj � S denote the set of elite solutions that
include the basic element j. The fitness can be defined as follows.

ej ¼
X

s2Sj
1=CostðsÞ

n o. X
s2S

1=CostðsÞ
n o

;

where Cost(s) is the objective function value of solution s.
The more frequently the column j is included in the elite solutions, and the better the solutions are, the larger

the value of ej. The value of ej is always less than or equal to 1. The list of elite solutions S is updated dynamically;
when a solution is better than the worst of the elite solutions, it will be a candidate for S. It replaces the worst elite
solution if it is sufficiently different from these elite solutions. For example, the solution to be added must be dif-
ferent from any solutions in the elite list by at least a certain number of columns, called level of diversity (d). Other-
wise, the solution is discarded unless an aspiration criterion is satisfied, i.e. the solution is better than any one of
the elite solutions. So, the fitness of basic elements contains the quality information of the associated solutions,
frequency of the selection, and is adjusted by its contribution to the diversity of the searching space. The size for
the elite solution set (r) and the level of diversity (d) can be determined by the trial-and-error method.

Based on the fitness of each basic element, two methods to introduce memory into Meta-RaPS are
designed. One is to incorporate the element fitness into priority rules and the other is called partial construc-
tion in which the values of some variables are completely determined by element fitness.

4.1. Priority rules with element fitness

The first memory method is to design the priority rule as a function of the element fitness. For the Set Covering
Problem, one such priority rule is cj/{(1 + lej)kj}, where l is a parameter to control the influence of the element
fitness. As more iterations are run for the algorithm, more information about each basic element is gathered.
In the earlier stage, the memory information is not complete and a smaller factor of l is used. Since incorporating
fitness emphasizes solution quality at the expense of randomness, it is coupled with some diversification compo-
nents that periodically encourage the search to explore different regions of the search space. In this research,
diversification can be achieved by periodically setting l to zero to increase the diversity of generated solutions.

4.2. Partial construction

In the method of partial construction, some basic elements are fixed from previous iterations. The degree of
partial construction (%partial) indicates the number of elements that remain fixed from one iteration to another.
Since more information is gathered to evaluate the remaining elements after fixing those elite basic elements, more
correct decisions are expected regarding the selection of these remaining elements. Partial construction can also
be considered as an instance of the path relinking method (Glover & Laguna, 2000) that constructs new solutions
by exploring trajectories that connect high-quality solutions. When applying this method to the SCP, those basic
elements with a positive fitness are considered elite elements and the set of elite elements are updated with the
updating of the list of elite solutions. Since at the beginning of the algorithm, the memory information is not com-
plete and maybe misleading, we run a certain number of iterations without applying memory (trial-period). After
this trial period, the new solutions are constructed by first randomly selecting a number of elements from the elite
set, and then completing the solution by the usual construction method. The elite elements can be selected accord-
ing to some probability distribution to form the partial solution. We apply the uniform distribution to select the
elite elements for its simplicity and effectiveness in this study. In comparison with the method to introducing
memory into the priority rules, this partial construction method is simpler as it does not include any additional
fitness calculations. Since only a certain percentage of columns (100-%partial) need to be chosen based on the
priority values, the construction heuristic works much faster.

5. Computational results and analysis

In this section, we report numerical results performed on the 65 SCP instances in the Beasley’s OR Library
(1990). The experiments are conducted on different variants of Meta-RaPS, namely, basic Meta-RaPS, Meta-

G. Lan, G.W. DePuy / Computers & Industrial Engineering 51 (2006) 362–374 367



Aut
ho

r's
   

pe
rs

on
al

   
co

py

RaPS with adaptive memory (mMeta-RaPS) as described in Sections 4.1 and 4.2, and Meta-RaPS with new
randomization strategies (rMeta-RaPS) presented in Section 3, as well as the Meta-RaPS with both memory
mechanisms and new randomization methods (mrMeta-RaPS). We report the results for both Meta-RaPS
construction (without improvement) and Meta-RaPS with improvement, because it is discovered that the per-
formance of these methods appears somewhat different under the two situations. Finally, the results of these
algorithms are compared to several other effective heuristics from the literature.

5.1. Algorithms

We classified different variants of Meta-RaPS into four classes: Meta-RaPS, Meta-RaPS with memory
(mMeta-RaPS), Meta-RaPS with new randomization strategies (rMeta-RaPS), and Meta-RaPS with memory
and randomization (mrMeta-RaPS). Table 1 lists different algorithms in these classes with each one assigned a
code. We use four different priority rules in the basic Meta-RaPS. The priority rules cj/kj and cj=k2

j are chosen
to apply the memory mechanisms because these two priority rules work the best for the Meta-RaPS without
improvement (construction) and Meta-RaPS with improvement, respectively. The two memory mechanisms,
priority rule with fitness and partial construction are tested, so there are four algorithms in mMeta-RaPS. The
interaction effect of the randomization methods and the partial construction method, which is a more effective
memory mechanism than priority rules with fitness, is investigated through experiments on mrMeta-RaPS.

5.2. Test problems and parameter settings

The SCP instances are divided into seven sets and each set contains five or 10 problems. The sizes of these
problems range from 200 (rows) · 1000 (columns) to 400 (rows) · 4000 (columns) as described in Table 2. In

Table 1
Algorithms tested

Classification Alg. # Priority rule Memory type

Meta-RaPS 1 Single (cj/kj) None
2 Single ðcj=k2

j Þ None
3 Single ðc1=2

j =kjÞ None
4 Single ðcj=k1=2

j Þ None
mMeta-RaPS 5 Single (cj/kj) Fitness priority rule: cj/(1 + lej)kj

6 Single (cj/kj) Partial construction
7 Single ðcj=k2

j Þ Fitness priority rule (cj=ð1þ lejÞk2
j Þ

8 Single ðcj=k2
j Þ Partial construction

rMeta-RaPS 9 Intra-iteration randomization None
10 Inter-iteration randomization None

mrMeta-RaPS 11 Intra-iteration randomization Partial construction
12 Inter-iteration randomization Partial construction

Table 2
Test instances

Set Name No. of instances No. of rows (m) No. of columns (n) Range of cost Density

4 10 200 1000 1–100 2%
5 10 200 2000 1–100 2%
6 5 200 1000 1–100 5%
A 5 300 3000 1–100 2%
B 5 300 3000 1–100 5%
C 5 400 4000 1–100 2%
D 5 400 4000 1–100 5%
NRE 5 500 5000 1–100 10%
NRF 5 500 5000 1–100 20%
NRG 5 1000 10,000 1–100 2%
NRH 5 1000 10,000 1–100 5%

368 G. Lan, G.W. DePuy / Computers & Industrial Engineering 51 (2006) 362–374
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imum and maximum cost of the columns. Note the sizes of the Set E, F, G, and H are very large, therefore we
chose not to compare the performance of different variants of Meta-RaPS on these sets. However, when com-
paring Meta-RaPS with other heuristics, we reported the results for all problem sets for the best Meta-RaPS
variant, namely, mrMeta-RaPS.

The parameter settings are listed in Table 3. Two key parameters for the construction phase are %priority
and %restriction. To block the factors of %priority and %restriction when comparing different algorithms, we
apply different parameter settings for %priority (5, 10, 15, 20) and %restriction (5, 15, 25, 35, 45) and then take
the average over these parameter settings. The best parameter settings from these 20 combinations are selected
when comparing with other heuristics in the literature. Coy, Golden, Runger, and Wasil (2001) note that it is
often difficult to find appropriate parameter settings for meta-heuristics and common procedures have ranged
from simple trial and error to complicated sensitivity analysis. A trial and error procedure was used in this
research to set the parameters. The first instances in problem sets 4, 5, 6, A, B, C and D are selected as rep-
resentative and different combinations of parameters are applied for these instances. More specifically, we take
%improvement from {10, 15, 20} and imp-magnitude from {0.3, 0.4}. The parameter max_iteration is chosen
from {100, 500, 1000} and imp_iteration is chosen from {300, 400, 500}. For priority rules with fitness, the size
for the list of elite solutions is chosen from {2, 5, 10}. The level of diversity is chosen from {1, 5, 10}. For the
parameter l, in the earlier stage, the memory information is not complete and a smaller factor of l is used. For
example, the value of l is increased 0.1 every 20 iterations to apply the increasing influence of the memory
information. l is fixed at 1.0 after 200 iterations, so l can be represented by min{1.0, 0.1 · (i/
20) · I(i%20 = 0)}, where i is the iteration, and I(i%20 = 0) is the identity function. We also apply l = min
{2.0, 0.2 · (i/20) · I(i%20 = 0)} to increase the influence of the memory in the trial-and-error method. For
the partial construction, we choose the trial-period from {10, 20, 30} and choose %partial from {50, 70,
80}. The parameter setting obtained from this trial-and-error method is listed in Table 3.

5.3. Results and analysis

We first report the summarized results for all the 45 instances in sets 4, 5, 6, A, B, C, D to have an overall
comparison of these algorithms. In order to illustrate the effect of various randomization methods and mem-
ory mechanisms graphically, the results are also presented for a single SCP instance (Problem A.3) in Fig. 2.
Tables 4 and 5 are the summarized test results for the Meta-RaPS construction and the Meta-RaPS with
improvement, respectively. In these tables, gap is the percentage of the deviation from the optimal solution.
Solution time is the time to find the best solution for the first time. The Avg. Mean, Avg. Std. Dev., Avg. gap
and Avg. Sol. time (in Intel P4 1.7 GHz CPU seconds) are the average values taken over all test instances and
the 20 different parameter settings for %priority and %restriction. The Avg. No. Optima is the average number
of optimal solutions found using these parameter settings. The Max. No. Optima is the maximum number of
optimal solutions generated by the best parameter setting.

One obvious observation from these test results is the significant increase in solution quality brought forth
by the improvement heuristic. The improvement on the Avg. gap ranges from 58% to 99%. Several more
explicit and interesting findings are listed as follows.

First, for the four basic Meta-RaPS algorithms with different priority rules (Algorithms 1–4 in Table 4),
cj=k2

j and c1=2
j =kj are not as effective as cj/kj and cj=k1=2

j for Meta-RaPS construction. However, after the

Table 3
Parameter settings

Meta-RaPS Priority rules with fitness Partial construction

%Priority and %restriction: 20 combinations Size of the elite solution: r = 5
%Improvement = 15 Level of diversity: d = 1 Trial-period = 20
%Search_magnitude = 30 Fitness factor: %Partial = 70
Iteration: 100
Imp_iteration: 400 l = min{1.0, 0.1 · (i/20) · I(i%20 = 0)}

G. Lan, G.W. DePuy / Computers & Industrial Engineering 51 (2006) 362–374 369
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a b

c d

Fig. 2. Iterative results for Problem A.3.

Table 4
Results for Meta-RaPS SCP without improvement

Alg. # 1 2 3 4 5 6 7 8 9 10 11 12

Avg. Mean 271 286 293 275 264 268 275 282 282 281 282 274
Avg. Std. Dev. 5.28 9.93 12.44 5.47 5.20 6.36 9.53 11.82 10.52 13.36 10.51 10.61
Avg. gap 2.6 5.19 5.92 3.96 2.1 1.86 4.11 3.63 3.36 2.9 2.65 2.16
Avg. Sol. Time 0.09 0.12 0.16 0.18 0.10 0.10 0.12 0.13 0.11 0.10 0.11 0.10
Avg. No. Optima 1.75 0.8 0.45 1.35 3.65 4.15 1.95 2.15 1.5 1.6 3.85 3.9
Max No. Optima 4 3 2 2 6 8 3 4 4 3 10 9

Table 5
Results for Meta-RaPS SCP with improvement

Alg. # 1 2 3 4 5 6 7 8 9 10 11 12

Avg. Mean 256 260 265 260 256 256 256 256 259 263 256 257
Avg. Std. Dev. 1.66 10.32 17.51 1.90 0.97 1.69 5.0 5.44 10.36 15.06 4.84 7.21
Avg. gap 0.294 0.037 0.037 1.649 0.359 0.28 0.27 0.026 0.008 0.018 0.015 0.010
Avg. Sol. Time 2.57 2.02 2.24 3.34 1.63 2.83 1.66 2.12 2.24 2.67 1.99 2.49
Avg. No. Optima 31.35 41.35 41.65 12.8 28.45 31.7 40 42.35 44.25 43.25 43.55 43.9
Max. No. Optima 40 44 44 25 38 40 42 45 45 45 45 45
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improvement heuristic is applied, these two priority rules become more effective in terms of average gap and
average solution time (see Table 5).

Second, introducing memory into Meta-RaPS (Algorithms 5–8) can improve the solution quality for the
construction phase. For example, for the basic Meta-RaPS algorithm cj/kj (Algorithm 1), the average gap
is decreased 19.23% if incorporating fitness into the priority rule (Algorithm 5), and decreased 28.46% if
the partial construction (Algorithm 6) is applied. Clearly, the partial construction method is more effective
than introducing fitness into priority rules. However, if the improvement heuristic is applied, only the algo-
rithm cj=k2

j with partial construction (Algorithm 8) improves the solution quality over the corresponding basic
Meta-RaPS algorithm cj=k2

j (Algorithm 2).
Third, for the construction heuristic, none of the randomization methods (Algorithms 9 and 10) can per-

form better than the basic Meta-RaPS with priority rule cj/kj in terms of solution quality. However, these new
randomization methods do greatly better the solution quality for Meta-RaPS with improvement. For exam-
ple, the Avg. gap in algorithm 9 (Intra-iteration randomization) decreases 78.38% over that in Algorithm 2
(cj=k2

j Þ, which is the best among the basic Meta-RaPS algorithms if the improvement heuristic is applied.
Fourth, when we apply the randomization and partial construction methods at the same time (Algorithms

11 and 12), the effectiveness of both Meta-RaPS construction and Meta-RaPS with improvement can be bet-
tered. For the Meta-RaPS construction phase, although the algorithms 11 and 12 cannot significantly improve
the Avg. gap, they provide the maximal number of optimal solutions among all these construction algorithms.
For the Meta-RaPS with improvement, incorporating the partial construction into randomization methods
can decrease the average solution time while maintaining good performance on the solution quality. For
example, the average solution time is decreased from 2.24 s in algorithm 9 to 1.99 s in algorithm 11.

Fig. 2 gives the iterative results for the Problem A.3 that has an optimal cost of 232. We show how the
randomization and memory strategies work by comparing the results from four different algorithms; Basic
Meta-RaPS (Algorithm 1), Meta-RaPS with partial construction (Algorithm 6), Meta-RaPS with intra-itera-
tion randomization (Algorithm 9) and Meta-RaPS with intra-iteration randomization and partial construc-
tion (Algorithm 11). The parameters are: %priority = 5 and %restriction = 35, and all other parameters are
the same as in Section 5.1. In the basic Meta-RaPS (Fig. 2a), the results from different iterations are indepen-
dent from each other, and the best solution has a cost of 233. After the partial construction is introduced
between iterations (Fig. 2b), the variance of generated solution is decreased and the algorithm converges to
the local optimal solution. On the other hand, when we introduce intra-iteration randomization into basic
Meta-RaPS (Fig. 2c), the variance of generated solutions is increased and the optimal cost of 232 is found
in the 93rd iteration. With the collaboration of the partial construction and intra-iteration randomization
(Fig. 2d), the optimal cost is found in the 25th iteration, and we found the optimal solution quite frequently
after that, so the solution time has been greatly decreased. However, it should be noted that if Meta-RaPS
with intra-iteration randomization can find the optimal solution during the trial period (20 iterations), incor-
porating the partial construction would not shorten the time to find the best solution. That is the reason why
the decrease in average solution time for Algorithms 11 and 12 over Algorithms 9 and 10 in Table 5 is not so
great as might be expected from the comparison of Fig. 2c and d.

In summary, for the Meta-RaPS construction, the priority rules with less randomness tend to generate bet-
ter results and introducing memory can significantly improve the solution quality. For Meta-RaPS with
improvement, the priority rules with more randomness always dominate those with less randomness. In this
situation, introducing memory does not necessarily improve the solution quality. However, the use of memory
improves the efficiency by shortening the time to find the best solution if the intra-iteration or inter-random-
ization is applied. Memory also decreases the mean and variance of the solution values. Actually, the most
successful algorithms are those with a good balance between randomness and memory. As for the SCP, if
the improvement heuristic is applied, using Algorithms 8, 9, 10, 11, 12 can find all the optimal solutions
for the test instances.

5.4. Comparison with other heuristics from the literature

Meta-RaPS with both intra-iteration randomization and partial construction (Algorithm 11, with %prior-
ity = 5 and %restriction = 45) is compared to the following effective SCP heuristics from the literature.

G. Lan, G.W. DePuy / Computers & Industrial Engineering 51 (2006) 362–374 371



Aut
ho

r's
   

pe
rs

on
al

   
co

py

• Be: the Lagrangian heuristic by Beasley (1990)
• BeCh: the genetic algorithm by Beasley and Chu (1996)
• CFT: the Lagrangian heuristic by Caprara et al. (1999)
• PROGRES: a probabilistic greedy search heuristic by Haouari and Chaouachi (2002)
• IGA: an indirect genetic algorithm by Aickelin (2002)
• Reactive GRASP with path relinking (GRASP)

To compare Meta-RaPS with GRASP, we implement a reactive GRASP with path-relinking. The basic
GRASP procedure is simulated by Meta-RaPS by setting %priority = 0 and %improvement = 100. For reac-
tive GRASP, the parameter %restriction is randomly chosen from the set R = {5, 15, 25, 35, 45}. Initially
these parameters are chosen with equal probability, and then for every 20 iterations these probabilities are
updated as follows.

P ð%restriction ¼ RiÞ ¼
1=CðRiÞP5
1ð1=CðRiÞÞ

for 1 6 i 6 5;

where C(Ri) is the average cost for the previously generated solutions using %restriction = Ri.
The path relinking we used is the standard forward linking method (Resende & Ribeiro, 2005) in which the

two-step neighborhood search is applied successively from X1 to X2, where X1 is the starting solution and X2

acts as the guiding solution from the elite list. In this two-step neighborhood search, we add the columns
j 2 X2nX1 as the feasible elements successively and a certain number of iterations (30) for neighborhood search
are executed once a new feasible element is added.

Table 6 compares the solution quality of Meta-RaPS with these heuristics. The number of optimal solutions
found by these heuristic and the average gap are reported. Meta-RaPS SCP found all the optimal the 65 non-
unicost problems in OR-library. It is one of only two heuristics in the literature that found all the optimal
solutions.

A comparison of computation times for different heuristics is difficult since the computational efficiency is
affected by many factors such as the implementation language, the complier, the executing environment
including CPU, RAM, operating system, as well as the programmer’s skills. For an approximate comparison,
the actual computation times from different computers is often ‘converted’ to that on a benchmark computer.
For example, Caprara et al. (1999) adjusted the computation time of many algorithms and heuristics for SCP
to DECstation 5000/240 s according to the performance report by Dongarra (2004). From our experiments on
an Intel PIV 1.7 GHz PC and an Intel PII 400 MHz PC, the average error associated with using this Dongarra
(2004) conversion could be as high as 52.43%. Therefore, we report both the actual computation time in dif-
ferent computers and the transformed time to DECstation 5000/240 s. Notice that the computation time for
BeCh is calculated according to the method proposed by Caprara et al. (1999) since the computation time has
only been reported for different runs for the algorithm. From this table, it can be concluded that the mrMeta-
RaPS algorithm is slower than CFT, but much faster than BeCh (notice that BeCh has not found the best
known solutions for Set G and Set H, although it outperforms in computation time for Set H). In comparison
with CFT, we stress that the main advantage of the Meta-RaPS SCP algorithm for practitioners is its simplic-
ity. This algorithm consists of introducing random factors in a greedy algorithm, together with a local search
procedure to improve the solution found by the greedy algorithm. In this implementation we also use other
techniques such as simple randomization and memory methods. We also show, through the use of benchmark
SCP test problems, this simplistic algorithm is comparable in terms of solution quality to complex, state-of-
the-art SCP solution techniques (Table 7).

Table 6
Solution quality of different algorithms

Meta-RaPS CFT BeCh IGA GRASP Be PROGRES

No. Opt. 65/65 65/65 61/65 61/65 4065 20/65 0/65
Avg. gap 0 0 0.013 0.046 0.35 0.537 1.106
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6. Conclusions and future research

This paper presents and compares different variants of a multi-start metaheuristic, Meta-RaPS, with a focus
on analyzing the effects of randomness and memory. It is found that for the memory mechanisms, the method
of partial construction works better than priority rule with element fitness. Incorporating memory into Meta-
RaPS can improve the solution quality for the construction phase. However, it does not necessarily improve
the solution quality of the overall algorithm for Meta-RaPS after the intensified search of the improvement
phase is applied. On the contrary, the two methods for introducing more randomness into Meta-RaPS,
intra-iteration and inter-iteration randomization, does not significantly improve the solution quality for the
construction phase. However, it greatly improves the solution quality for the overall algorithm after the
improvement heuristic is applied. By incorporating the partial construction method into Meta-RaPS with
intra-iteration or inter-iteration randomization, the solution quality for the construction phase can be
increased in some sense and the computation time to find the best solution in the overall algorithm can be
decreased. All these findings show the importance of maintaining a good balance between the diversification
and intensification in multi-start heuristics. This paper proposes several methods for achieving a good balance
for introducing randomness and memory into Meta-RaPS construction and several effective algorithms devel-
oped in this paper can find all the optimal solutions for the SCP test instances. Such strategies for introducing
randomness and memory can be applied to other application problems for Meta-RaPS and even other multi-
start local search heuristics. Future research should also be directed toward better integration between ran-
domization methods and memory mechanisms. For example, the issue of how to improve the utility of the
memory information in the trial period of partial construction needs to be addressed.
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