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Abstract—The Impulse Radio Ultra-wideband (IR-UWB) vital
signs application is typically characterized by a periodic transmit-
ted waveform and a periodic delay modulation caused by periodic
chest displacement. We present closed-form spectral coefficients
for the chest-reflected IR-UWB signal as it arrives at the radar
receiver, assuming a planar chest model. We assume the chest
displaces according to arbitrary periodic motion of the heart and
lungs. Our base model assumes a periodic train of transmitted
impulses. We call our approach a “framework” because our
model can be put with any burst waveform that is transmitted
periodically (such as a pseudo-random binary sequence), any
multi-layer model of the chest, and any receiver signal processing
model, to provide a complete model of the post-processed radar
received signal. We describe in the paper how each of these
extensions can be done in a straightforward way with our model,
without having to re-derive the coefficients of the base model. Our
model is more general than existing models, which lack closed
form expressions or have various constraints, such as sinusoidal
chest displacement, zero phase, or unavoidable aliasing.

I. INTRODUCTION

The use of Impuse Radio Ultra-wideband (IR-UWB) has
been recommended by many researchers for continuous, non-
contact vital signs monitoring [1]–[7]. Thanks to its ability to
penetrate through obstacles and its excellent spatial resolution,
IR-UWB radar can sense, in a non-contact manner, the minute
chest displacements induced by lungs breathing and heart
beating and thereby enable estimation of heart rate (HR)
and respiration rate (RR) [1]–[7]. The IR-UWB system emits
an extremely low power, non-ionizing signal, which makes
negligible interference on co-existing radio systems, and is
very robust to multipath and interference [8]. Thus IR-UWB
radar is suitable in settings from home health care, hospitals,
to rescue operation.

This paper analyzes the signal received by the IR-UWB
radar vital signs sensor, which can be located in proximity to
the patient, such as under a mattress or behind a chair. An IR-
UWB system transmits a series of pulses of duration on the
order of a nanosecond. These pulses reflect from boundaries
between materials with different dielectric properties, such as
the air-skin interface. The time a reflected pulse arrives at
the receiver is determined by the round trip distance between
the IR-UWB system and the boundary reflecting the pulse.
Breathing and heart beating causes the chest interface to move,
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thereby modulating the round-trip distance; hence the radar
received signal is delay-modulated.

We present the first complete analytical framework of the
spectral characteristics of the IR-UWB radar received signal
for an arbitrary periodic chest displacement model. The re-
ceived signal is assumed to contain only the reflection from
the air-skin interface, modeled as an infinite plane. Although
the human thorax tissues have many layers [9], composed of,
e.g., skin, fat, muscle, cartilage, lung, heart, and blood, we
consider only reflection from the skin layer, because most of
the reflected energy is from the skin-air interface, rather than
from the interfaces inside the body. For example, at 5 GHz,
reflected energy from lung and reflected energy from heart
are 87 dB and 130 dB below that from skin, respectively
[9]. An example plot of the post down-conversion spectrum
produced by our model versus the baseband frequency ∆f
is shown in Fig. 1. The RR fundamental component (fb)
and its harmonics (2fb, 3fb), the HR fundamental (fh), and
some intermodulation products (intermods), e.g., fb + fh, are
clearly observed. The analysis can be readily extended to
the case where reflections come from multiple body tissue
layers, such as lung walls and heart wall through superposition.
Also, our model can be used with any periodic transmitted
waveform, such as pseudo-random sequences that are period-
ically transmitted [10]. Our model captures the signal as it
arrives at the receiver and therefore it can be used to analyze
any receiver signal processing scheme, such as multi-pulse
integration to improve the signal-to-noise ratio, by integrating
our model with a model of the receiver. In other words, our
delay-modulated signal model is a critical core component that
enables a full system model.

The chest displacement is assumed to consist of the periodic
breathing-induced displacement and the periodic heartbeat-
induced displacement, but there is no restriction on the respi-
ration phase and heart beating phase at signal acquisition time.
In other words, the starting times of the heart beat cycle and
the respiration cycle are arbitrary. In our model, the coefficient
and frequency of each spectral component have a closed-form.

Our proposed model should have several uses. Signal mod-
els are essential in the development of signal processing
techniques. Spectral analysis is a common approach for radar-
based vital signs estimation, but typical estimation schemes
focus only on the frequency locations of spectral peaks as a
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Fig. 1. An example of a radar received spectrum obtained with our model.

means of estimating rates [2]–[6] and ignore peak heights.
In contrast, our model will allow investigation into how
breathing and heart patterns of movement impact the shape
of the IR-UWB spectrum. For example, our findings show
how the heights of the spectral peaks in the received spectrum
depend on the maximum chest displacement; we note this
is not a trivial dependence in delay modulation, which is a
nonlinear modulation. Furthermore, with the growing interest
in modeling breathing and heart beating activities, which affect
the chest displacement, the model may help researchers use
IR-UWB measurements to validate their lung and heart motion
models.

II. RELATED WORK

The spectrum of the IR-UWB radar received signal has been
derived for several specific displacement models. The theoret-
ical analysis in [5], with the chest displacement assumed to
be solely due to breathing and modeled as a sinusoid of the
RR fundamental (fb), shows that the IR-UWB radar signal
contain the RR fundamental and its harmonics. Mabrouk et al
[7] expand this analytical framework by modeling the pulse-
reflecting surface as the sum of both chest and abdomen move-
ments, where the chest movement is modeled as a sinusoid of
fb and the abdomen movement is composed of a sinusoid
at fb and another at the second harmonic (2fb), resulting
in a spectrum model that contains spectral components also
at multiples of RR. Lazaro [6] expands the analysis in [5]
by also incorporating the heart beating into the overall chest
displacement; the chest displacement is modeled as the sum of
a sinusoid of fb and another sinusoid of the HR fundamental.
The resulting spectrum model contains spectral components at
multiples of RR, multiples of HR, and their intermods.

However, these displacement models are rather restrictive.
First, the sinusoid is not an adequate model for normal breath-
ing displacement because empirically, a person spends more
time on exhalation than inhalation in a breathing cycle [11],
[12]. In addition, heart beating is a relatively bursty activity
that is far from a sinusoidal behavior [13], [14]. Second, in [5]–
[7] the sinusoidal displacements are all assumed to start with
zero phase. In reality, there is no guarantee that the breathing
phase is zero and the relative phase of the heart beating and
respiration is zero at data aquisition time.

Three additional points can be made about the existing IR-
UWB received spectrum models [5]–[7]. First, the derived
spectrum expressions are obtained based on computing the
Fourier transform of an undersampled or aliased version of the
radar received signal. The spectral components of the aliased
spectrum are different from those of the spectrum of the

unsampled signal, and generally aliasing is not invertible and
some information is lost [15]. In contrast, our model provides
the spectrum of the analog signal, i.e., before sampling.
Second, one generally has to re-derive the expressions when
a new pulse delay model is of interest. Our model, on the
other hand, has final expressions that can be easily modified
to accommodate changes such as changes in phase. Lastly,
the coefficients of the spectral components in [5]–[7] do not
have closed form expressions, in general, whereas our model’s
coefficients have closed forms.

This paper is organized as follows. Section III presents our
analytical model of the radar received signal spectrum for the
general chest displacement model. Since our signal model is
complete and un-aliased, we are able to derive from it the
aliased spectrum, and show how they are different, as we do
in Section IV. Section V concludes the work.

III. DERIVATION OF THE MODEL

The received signal is assumed to contain only the reflection
from the air-skin interface, modeled as an infinite plane 1. The
periodic chest displacement can be expressed as a summation
of a periodic breathing-induced displacement and a periodic
heartbeat-induced displacement, each of which is represented
by a Fourier series expansion. Mathematically, the round-trip
propagation delay caused by chest displacement of an UWB
pulse can be modeled as

τd(t) = A0

+

Nb∑
p=1

[
Bbp sin 2π(pfb)t+Abp cos 2π(pfb)t

]
+

Nh∑
q=1

[
Bhq sin 2π(qfh)t+Ahq cos 2π(qfh)t

]
, (1)

where fb is the respiration rate [Hz], fh is the heart rate
[Hz], Nb and Nh are the numbers of non-DC Fourier series
coefficients of the breathing-induced delay and the heartbeat-
induced delay, respectively. A0 combines the DC components
of the breathing-induced and heartbeat-induced delays and the
delay due to the nominal distance between the radar and the
patient’s chest. Note that there is no assumption on the phase
of the breathing-induced delay and the phase of the heartbeat-
induced delay; they are incorporated in the Fourier series co-
efficients {Bbp, Abp, Bhq , Ahq : p = 1, . . . , Nb; q = 1, . . . , Nh}.

The IR-UWB radar system transmits pulses or short bursts
with the repetition period of Tr. Assuming the chest location
can be assumed constant for the duration of the pulse or
burst, the round-trip delay of the n-th pulse or burst can be
represented as the n-th sample of τd(t) with the time sampling

1As in [5]–[7], we assume that the environment is static so the only motion
that modulates the radar signal is from the movement induced by breathing
and heart beating. Each recorded waveform is a superposition of a pulse
reflected from the moving chest and pulses reflected from the static clutter. A
“motion filter” [5], [6] suppresses the static clutter-reflected pulses but retains
the moving-chest-reflected pulses.
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Fig. 2. The channel response of the physiological sensing IR-UWB radar
system to a series of impulses for sine chest displacement.

interval equal to Tr: τd,n = τd(nTr), where τd(t) is given in
(1).

The propagation effects on the transmitted waveform as it
travels from the radar transmitter to the radar receiver can
be modeled as a time-varying linear channel. Assuming the
planar chest model and and motion filtering to reject static
clutter, the only necessary channel effect is one time-varying
delay, so the impulse response is simply a delayed Dirac
delta function such that the delay is a periodic function of
time. Constant amplitude reductions, e.g. due to path loss, are
ignored, since they would have the effect of simply scaling
the received signal spectrum. We start by assuming that the
UWB system emits perfect impulses and that the observation
window is of infinite length; these assumptions are removed
later. The channel response to a periodic train of impulses

with period Tr, is h(t) =
∞∑

n=−∞
δ(t − nTr − τd,n) and is

illustrated in Fig. 2 for the chest displacement modeled as a
sine waveform. The continuous time Fourier transform (CTFT)

of h(t) is H(f) =
∞∑

n=−∞
e−j2πf(nTr+τd,n) and is derived to

be

H(f) =
∑
i

∑
k1

. . .
∑
kNb

∑
k′1

. . .
∑
k′Nb

∑
l1

. . .
∑
lNh

∑
l′1

. . .
∑
l′Nh

c(fz)δ
(
f − fz

)
, (2)

where z = [k1, . . . , kNb
, k′1, . . . , k

′
Nb
, l1, . . . , lNh

, l′1, . . . , l
′
Nh
, i],

fz = [
Nb∑
p=1

p(kp + k′p)]fb + [
Nh∑
q=1

q(lq + l′q)]fh + ifr, and

c(f) = fr × (−1)

Nb∑
p=1

kp+
Nh∑
q=1

lq
× (−j)

Nb∑
p′=1

k′
p′+

Nh∑
q′=1

l′
q′

×
Nb∏
p=1

Jkp(2πBbpf)

Nb∏
p′=1

Jk′
p′

(2πAbp′f)

×
Nh∏
q=1

Jlq (2πBhq f)

Nh∏
q′=1

Jl′
q′

(2πAhq′f)

×e−j2πA0f ,

where fr = 1/Tr is the impulse repetition frequency.
Sketch of proof: To reduce complexity, assume the

DC component in (1) is zero, i.e., A0 = 0. When A0 6= 0,
the resulting expression will be simply multiplied by
e−j2πA0f . Denote Ω = 2πf,Ωb = 2πfb,Ωh = 2πfh.

We begin with H(f) =
∑∞
n=−∞ e−jΩnTre−jΩτd,n .

Into e−jΩτd,n , we substitute τd,n = τd(nTr) using (1),
and apply the property exp{

∑
k αk} =

∏
k exp{αk}

to get a product with four factors of similar form;
two of them are

∏Nb

p=1 exp{−jΩBbp sin pΩbnTr} and∏Nh

q′=1 exp{−jΩAhq′ cos q′ΩhnTr}. Each exponential
term is then expanded as a power series using the
Jacobi–Anger expansion ejz sin θ =

∑∞
n=−∞ Jn(z)ejnθ

or ejz cos θ =
∑∞
n=−∞ jnJn(z)ejnθ , where Jn(z) is

the Bessel function of the first kind of order n. This
results in e−jΩτd,n being expressed as 2Nb + 2Nh nested
summations whose inside expression has the form of an
exponential weighted by the product of all the Bessel
functions and a power of the imaginary unit j. Plugging
this result into H(f) =

∑∞
n=−∞ e−jΩnTre−jΩτd,n , we apply∑∞

n=−∞ e−j2πfnT = 1
T

∑∞
m=−∞ δ

(
f − m

T

)
to the resulting

power series, using fr = 1/Tr. H(f) becomes the sum of
weighted Diract delta functions located at various integer
linear combinations of fr, fb and fh. Using the identity
J−n(x) = (−1)nJn(x) for n ∈ Z and including e−j2πA0f ,
we obtain Eq. (2).

Several observations can be made. First, the spectral com-
ponent locations, represented by fz, are multiples of RR,
multiples of HR, multiples of the burst repetition frequency,
and their intermods kfb + lfh + ifr, where k, l, i are integers.
Second, the coefficients are expressed in closed-form. Third,
the coefficients (i.e., peak heights) are functions of fb, fh, fr
and the Fourier series coefficients in the delay model (1).
This allows investigation into how breathing and heart patterns
of movement impact the shape of the IR-UWB received
spectrum.

Extension of this model to the case of general periodic
transmit waveform transmitted is straightforward. Let p(t)
be the transmit UWB burst shape and P (f) be its CTFT
2. The radar received signal is y(t) = p(t) ∗ h(t) and its
CTFT is Y (f) = P (f)H(f). It follows that Y (f) is equal
to the right hand side of (2) after replacing c(fz) with
g(fz) = c(fz)P (fz). For the case of a finite observation
window w(t), extension is also straightforward. The channel
response to a periodic train of impulses is h̃(t) = h(t)w(t).
Its CTFT is H̃(f) = H(f) ∗ W (f) and is equal to the
right hand side of (2) after replacing “δ” with “W ”, where
W (f) is the CTFT of w(t). Similarly, the channel response
to a periodic train of UWB bursts with a finite observation
window length is expressed as ỹ(t) = y(t)w(t), and its CTFT
is Ỹ (f) = Y (f) ∗W (f), where Ỹ (f) is equal to the right
hand side of (2) after replacing “δ” with “W ” and “c(fz)”
with “g(fz)” = c(fz)P (fz).

This spectrum model, derived for a single-tap channel model
with unity gain, can be easily extended to the case of a multi-
tap channel model with arbitrary time-varying gains by using
the principle of superposition. Such an extended model could
be applied to a multi-layer model of the human thorax.

2p(t) can be just a pulse, as it was in [5]–[7]
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Fig. 3. Illustration of (a) the signal analyzed in [5]–[7] in the (slow time, fast
time) coordinate system and (b) how it is related to the whole radar received
signal on the 1D time axis. y(tslow, τ) for a given τ is the signal whose
CTFT is computed in [5]–[7].

IV. FURTHER COMPARISON TO THE MODELS [5]–[7]

Figure 3 illustrates the aliased model used in [5]–[7]. The
waveforms after static clutter removal are plotted in the slow
time, fast time coordinate system in Fig. 3a. The slow time
axis indicates instants when a waveform is recorded, and
fast time resolves waveform features within a pulse repetition
period. The samples at a given value τ1 of fast time in the
waveforms form the signal whose spectrum is analyzed in
[5]–[7]. By unifying the slow time and fast time into the
actual one-dimensional time, as in the two plots of Fig. 3b,
it can be seen that this signal is obtained by sampling the
radar received signal every Ts with some sampling offset τ1
in the order of the pulse width. Specifically, the sampling
instants are τ1, Ts + τ1, 2Ts + τ1, . . . (τ1 should be thought
as “fixed” in this context). This is an act of undersampling
since the sampling rate is at most equal to the pulse repetition
frequency fr which is smaller than the Nyquist rate (Although
not mentioned in these papers, Ts must be an integer multiple
of the pulse repetition frequency, Tr.). Thus, aliasing occurs
and generally we cannot use the spectrum expression in [5],
[6] or [7] to synthesize the spectrum of the pre-sampling radar
received signal.

Several other features differentiate our work from [5]–
[7]. The spectral coefficients in our model are expressed in
closed-form, whereas the spectral coefficients are provided
in the form of an integral of the product of the CTFT of
the pulse shape and one [5], two [6], or three [7] Bessel
functions, or even more for a higher number of sinusoids
in the pulse delay model, which does not have closed form.
Another differentiation is that for a given pulse shape, the
spectral coefficients g(fz) in our model are functions of the
rates fb, fh, and fr whereas those in the model of [6] - Eq. (15)
do not.

V. CONCLUSION

We have developed an un-aliased model for the spectral
characteristics of the IR-UWB radar received signal for an
arbitrary periodic planar chest displacement model that is a
sum of periodic breathing-induced and heartbeat-induced chest
displacements. No assumption on the phase of these periodic
displacements has been made. Closed-form representation of
both the amplitude and frequency of each spectral component

is provided. Although the analysis is done assuming only a
planar air-skin interface, extension to multi-layered planar tho-
rax model is straightforward by the principle of superposition.
Differentiations between our model and existing models have
been clarified with the focus on aliasing analysis.
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