
ECE 3075, Fall 2008

Homework #11

Due Friday December 5, in class

Reading: Cooper and McGillem, Chapters 8 and 9

Using you class notes, prepare a 1-2 paragraph summary of what we talked about in class
in the last week. I do not want just a bulleted list of topics, I want you to use complete
sentences and establish context (Why is what we have learned relevant? How does it connect
with other things you have learned here or in other classes?). The more insight you give,
the better. Turn in your summary on a separate sheet of paper with your solutions to the
problems below.

1. Suppose that two users are communicating bit sequences to a base station. User 1
modulates a binary sequence b1[n], where the values in b1[n] are either +1 or −1 into
a signal s1(t) using

s1(t) =
∑

n

b1[n]p1(t− nT )

where p1(t) is some pulse supported on [0, T ]. Similarly, user 2 modulated their bit
sequence using

s2(t) =
∑

n

b2[n]p2(t− nT ).

The base station receives

X(t) = a1s1(t) + a2s2(t) +N(t),

where a1, a2 ∈ R are unknown “fading” fading constants, and N(t) is a continuous-
time Gaussian white noise process with power σ2. The base station attempts to
determine the bit sequence using the demodulation architecture illustrated below:
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For the upper branch, X(t) goes through an LTI system with impulse response p1(−t),
gets sampled every T seconds (assume that the samples we receive are at 0, T, 2T, . . .)
and then goes through a threshold detector, which returns −1 if the input is less than
zeros and 1 if the input is greater than zero.

(a) We can write the inputs into the threshold detectors as

y1[n] = g1[n] + Z1[n], y2[n] = g2[n] + Z2[n],

1



where g1[n] and g2[n] are sequences which depend on the bit sequences and the
pulses, and Z1[n] is a discrete-time random process. Find g1[n] and g2[n] and
describe the statistics of the random processes Z1[n] and Z2[n].

(b) Argue that the system performance is unchanged compared to the single user
case when ∫ T

0
p1(t)p2(t) dt = 0

(c) Find an example of p1(t), p2(t) that meet the condition in (b) and also last for
the entire duration on [0, T ].

(d) With p1(t), p2(t) as in (b), are Z1 and Z2 independent? Support your answer.

(e) Explain how you would extend the system to accommodate M users.

2. Let W [n] be a discrete-time white WSS process with power 1. Suppose we pass W [n]
through an LTI system:

LTI 
X[n]W [n]

h[n]

The system is described by the difference equation

X[n] = αX[n− 1] +W [n].

(a) What is the impulse response h[n] of this system? (You may assume “zero initial
conditions”, that is h[n] = 0 for n < 0.)

(b) Now suppose we want to guess what the next value of X[n] is going to be given
its history. Find the optimal first-order linear predictor for X[n]. That is, find
β1 such that

E[|Y [n]−X[n]|2] with Y [n] = β1X[n− 1]

is minimized.

(c) Find the optimal second-order linear predictor for X[n]. That is, find β1, β2 such
that

E[|Y [n]−X[n]|2] with Y [n] = β1X[n− 1] + β2X[n− 2]

is minimized.

(d) Find the optimal third order linear predictor.

(e) Find the optimal 17th order predictor. (You should be seeing a pattern by now.)

(f) Explain why your linear predictors for parts (b)–(d) have the form that they do.
Start by considering the conditional likelihood

fX[n],X[n−2](x[n], x[n− 2] | X[n− 1]).
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3. The file sdata.mat contains a sample of somebody saying an “s”. As we discussed
in class, we can model this “fricative” as white noise passing through a recursive LTI
system:

X[n] =
N∑

m=1

h[m]X[n−m] +W [n], (1)

where W [n] is a unit power Gaussian white noise process, and X[n] is something which
sounds like “s”. The file fdata.mat contains something similar for an utterance of
an “f”.

From these samples, we can estimate the h[n] used to create them (in doing this, we
are essentially finding a model for the vocal tract when this sound was created) by
using linear prediction.

(a) Load sdata into MATLAB. Write codes which estimates the variance and the
first 20 lags of the autocorrelation using

R̃XX [`] =
1

L− `
L−∑̀
n=1

x[n]x[n+ `],

where L = length(x).

(b) Write code that sets up and solves the Yule-Walker equations to get the optimal
20th order prediction coefficients for “s” (N = 20).

(c) Create a one second long utterance of “s” using you model. To do this, cre-
ate a one second long white noise sequence with w = randn(fs,1);, and then
use the filter command to implement equation (1) (watch your signs): xs =
filter(?,?,?);.

(d) Listen to your creation using soundsc(xs, fs). (The sampling rate for these
signals was fs=16000.)

(e) Repeat (a)-(d) for the utterance of “f”. Turn in plots of the filter coefficients for
both cases.

(f) The files mystery1data and mystery2data contain different utterances of either
“s” or “f”. Fit models (parts (a)-(c)) for both of these new sets of data. Deter-
mine whether each is an “s” or an “f” by listening to your synthesized sounds
as in part (d), and by comparing the filter coefficients to what you got above.

Make sure to turn in all the code you wrote to solve this problem.

4. (Leon-Garcia 9.37) Packets at a multiplexer at two ports according to independent
Poisson processes of rates λ1 and λ2 packets/second, respectively.

(a) Find the probability that a message arrives first on line 2.

(b) Find the pdf for the time until a message arrives on either line.

(c) Find the pmf for N(t), the total number of messages that arrive in an interval
of length t.

5. (Stark and Woods, 7.5) Let Y (t) be a Poisson random process defined on 0 ≤ t <∞
with Y (0) = 0 and mean arrival rate λ > 0.
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(a) Find the joint probability Pr[Y (t1) = k1, Y (t2) = k2] for t2 > t1.

(b) Find an expression for the Lth order joint pmf

PY (k1, . . . , kL; t1, . . . , tL),

with 0 ≤ t1 < t2 < . . . < tL < ∞. Be careful to consider the relative values of
k1, . . . , kL.

6. Joe is fighting George in a boxing match. Joe lands punches at an average rate of
λJ per second; that is, inter-arrival times between the punches that Joe lands are
independent and distributed Exponential(λJ). George lands punches at a rate of λG

per second. Also assume that Joe’s and George’s punches land independently.

Each round of the boxing match is 3 minutes long. We will assume throughout this
problem that λJ = λG = 1/60.

(a) What is the probability mass function for the total (for both boxers) number of
punches landed in one round?

(b) Find expressions for:

i. The probability that Joe lands at least 3 punches in a round.
ii. The probability that both Joe and George land at least 3 punches in a round.

(c) Now suppose that if a boxer lands 3 punches in a round he knocks out his
opponent, the match ends, and he is declared the winner. What is the probability
that there is a knockout in the first round?

(d) What is the probability that the match lasts exactly 2 rounds? 3 rounds? N
rounds? Assume that the boxers keep fighting until one of them is knocked out.
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