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Abstract: We introduce a new variant of the root mean square distance (RMSD) for comparing
protein structures whose range of values is independent of protein size. This new dimensionless
measure (relative RMSD, or RRMSD) is zero between identical structures and one between
structures that are as globally dissimilar as an average pair of random polypeptides of respective
sizes. The RRMSD probability distribution between random polypeptides converges to a universal
curve as the chain length increases. The correlation coefficients between aligned random structures
are computed as a function of polypeptide size showing two characteristic lengths of 4.7 and 37
residues. These lengths mark the separation between phases of different structural order between
native protein fragments. The implications for threading are discussed. © 2001 John Wiley &
Sons, Inc. Biopolymers 59: 305–309, 2001
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INTRODUCTION

Measures of structural similarity between proteins are
a valuable tool for the analysis of protein structures
and folding simulations.1,2 One of the most com-
monly used measures is the coordinate root mean
square distance, or RMSD3–6 [see Eq. (1)], which
describes the mean (RMS) distance per residue be-
tween two optimally aligned structures. The RMSD
can be computed analytically and has the appealing
property that it directly compares the real space co-
ordinates between structures. The latter property al-
lows the RMSD to be more sensitive to global
changes in the structure and to differentiate between
symmetry-related conformations such as mirror im-
ages. This isnot necessarily thecase for other popular

similarity measures, such as the ones based on the
comparison of local coordinates (e.g., torsion an-
gles7), which are less sensitive to global changes, or
based on interresidue distances (e.g., the fraction of
native contacts8), which do not distinguish between
mirror images. These and other measures are conve-
nient for specific applicationssuch asfinding common
substructures in proteins.9 However, the RMSD is
arguably one of the most discriminating and conve-
nient measures for comparing the global structure of
proteins.

While most similarity measures can identify two
identical structures, the interpretation of how dissim-
ilar two unequal structures are is strictly measure
dependent. In particular, the correlation between the
RMSD and other similarity measures is typically high
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as long as the structures are sufficiently similar. How-
ever, the correlation diminishes as the structures be-
come significantly different from each other. Further-
more, the RMSD is dependent on the structure size
and increases roughly proportionally to the protein’s
radius of gyration.10 So, to assess the degree of global
structural difference between two structures, one must
consider the size of the structures.

Our goal is to define a universal RMSD-related
measure that could better differentiate between simi-
lar and dissimilar topologies. This requires a bench-
mark that indicates when two structures are globally
uncorrelated. First, we compute an average correla-
tion coefficient by aligning random protein structures
of a given length. This allows us to investigate the
correlation properties of native structures and to es-
tablish the random structure benchmark. From this
analysis, we define a universal similarity measure and
compute the asymptotic probability distribution for
random proteins.

PROTEINS STRUCTURAL
CORRELATIONS

We define two structures to be globally uncorrelated
when their RMSD value is the same as the average
one of two randomly chosen structures of correspond-
ing sizes. More specifically, given two conformations,
a andb of N residues, letrai andrbi be the respective
coordinates of their residues at positioni, for 1, . . . ,
N. Without loss of generality, only one set of coordi-
nates per residue (e.g., the C-a coordinates) is used. If
Dab is the RMSD betweena andb, then
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whereQ is the unitary rotation matrix that optimally
aligns the vectors, andRga andRgb are the radius of
gyration for structuresa and b, respectively. The
optimal alignment betweena andb requires that their
average position coincides, i.e.,Si 5 1

N rai 5 Si 5 1
N

rbi. Because the common value of these averages is
irrelevant to the problem at hand, the averages were
set to zero. This choice of coordinate system allows
expressing the radius of gyration fora simply asRga

2
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2 and similarly forb. The term in paren-
theses is the correlation coefficient between the
aligned structures, which we now refer to as the
aligned correlation coefficient (ACC). We are inter-
ested in obtaining the average of the ACC for a
random ensemble of structures as a function of chain
length. This quantity is defined as
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where the angle brackets are an average between all
pairs of structures of a given length in the random
ensemble.

We calculated the average and standard deviation
of the ACC from continuousN-residue fragments of
almost 1300 nonhomologous random structures (with
less than 30% sequence identity), obtained from the
Protein Data Bank (PDB). Only one random fragment
per structure was selected. The results are plotted in
Figure 1. The curve forC(N) asymptotically fits a
multiexponential function given approximately by

C~N! < 0.422 0.05~N 2 1!e2~N21!/4.7

1 0.63e2~N21!/37. (3)

This curve is represented by two characteristic
lengths, approximately given by 4.7 and 37 residues.
The first one, 4.7, which approximately corresponds
to 2.8 nm, is near the typical persistence length for
globular proteins.11 The second one, 37, indicates an
aligned correlation length for intermediate size
polypeptides. The interpretation of these lengths is

FIGURE 1 Average and dispersion of the ACC for ran-
dom structures. The data were obtained from various frag-
ments of almost 1300 nonhomologous protein structures.
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that small random protein fragments (near or below 5
residues) have relatively stiff and restricted confor-
mations, while intermediate ones (between 4.7 and
37) have significant correlations generated by the
recurring types of secondary structure elements. It
also suggests that polypeptide chains with more than
37 residues can achieve a wide range of conforma-
tions. In the long chain limit,C(N3 `) 5 c ' 0.42.
This value is rapidly attained after 100 residues. That
this correlation does not decay to zero as the chain
length increases is the result of the alignment process.
In comparison,C(N) for an ideal chain (random walk)
quickly converges to 0.64, indicating that ideal chains
are easier to overlap perhaps due to a lack of excluded
volume effects. We also computedC(N) for a ran-
domly selected group of 1300 proteins from the PDB
and the results were identical to the ones with the
nonhomologous proteins.

Figure 1 also shows that the dispersion of the ACC
converges to a constant with a value near 0.11. The
dispersion has a shallow maximum around 37 resi-
dues. This is reminiscent of a mild phase transition,
separating a disordered phase for structures with more
than 37 residues from a semidisorder phase for struc-
tures with less than 37 residues. Below four residues,
the dispersion abruptly drops, marking a transition to
ordered (or strongly correlated) structures. The prob-
ability distribution curve of the ACC converges very
close to a Gaussian for largeN, but becomes bimodal
for small N. Some examples of probability distribu-
tions are shown in Figure 2. The lowest ACC value
we have obtained is 0.04 forN 5 200. That is, in
contrast to the regular correlation coefficient in which
the minimum value is21 (anticorrelation), aligning

structures prior to computing their correlation pro-
duces in our calculations only positive ACC values.
This and similar results for the ideal chain suggest that
the minimum value of the ACC (corresponding to the
least alignable structures) is zero or near zero.

The structural correlations have implications in the
problem of protein structure prediction by threading.
Hu and Skolnick12 investigated the use of sequence
fragments to identify a native structure by threading.
That is, given a sequence fragment of a known native
structure and a library of varied protein structures
including the native one, they studied the ability of the
threading potential to recognize the native one as a
function of fragment length. They found that as the
fragment size decreases, the potential loses its ability
of recognizing its native structure below 15–20 resi-
dues. One reason for this is that the structure of such
protein fragments can be significantly stabilized by
the interaction with other residues outside the frag-
ment. Our results give an additional reason. In Figure
3 we have plotted the probability that two random
fragments have an ACC of more than 0.98 as a
function of fragment length. The probability drasti-
cally decreases above 4.7 and practically vanishes
above 37 residues. For small fragments with less than
20 residues, the probability is greater than 0.1% and
rapidly increases as the number of residues decreases.
This implies that in a threading library of several
thousand fragments of random protein structures there
is a good chance of finding two fragments of different
proteins with the same structure. Therefore, the ability
of detecting the native fold using fragments with less
than 20 residues is also hampered by the structural
similarity of these fragments in different proteins. In
other words, it is difficult to single out a particular
structure by only looking at a small fragment, whose

FIGURE 2 Examples of ACC distribution for random
polypeptides with different chain lengths. The curves were
obtained by comparing all pairs of structures for 4, 37, and
200 residues, separately. The probability was obtained by
dividing the RRMSD in bins of 0.02.

FIGURE 3 Probability that two random protein frag-
ments have an aligned correlation coefficient of more than
0.98 as a function of fragment length.

Universal Similarity Measure 307



geometry can be found in many structures. Another
application of fragment threading is that of predicting
the global fold by combining the predicted fragment
structures. Our results indicate that the quality of the
prediction for fragments with more than 37 residues
will significantly diminish, unless the native protein
or a related one is in the structure library. On the other
hand, if the fragments are too small the potential loses
its ability to select the correct structure and global
structural information is lost. Therefore, one could
argue that for combining structural fragments ob-
tained by threading, the minimum fragment size
should be somewhere near 37 residues.

The range of chain lengths in our calculations is
limited to 400 residues because as the chain length
increases further we begin to observe significant fluc-
tuations in the results due to poor statistics. It is
uncertain whether the limiting shape of the probability
distribution [and consequently the limiting value of
Eq. (3)] remains invariant far beyond 400 residues.
Because proteins naturally arrange themselves in
densely packed domains of perhaps 200 or 300 resi-
dues, it is possible that the limiting value of the ACC
could decrease for proteins with many domains. This
is because it should be generally more difficult to
align multidomain proteins as compared, for example,
to two domain proteins.

UNIVERSAL SIMILARITY MEASURE

With C(N), we can estimate the average RMSD
between two random polypeptides of sizeRga andRgb

as

D# ab
2 5 Rga

2 1 Rgb
2 2 2C~N!RgaRgb. (4)

The ratio between the RMSD and Eq. (4) gives a
measure with the desired universal properties. There-
fore, we define the relative RMSD (RRMSD) as

dab ;
Dab

D# ab

(5)

That is,dab is the RMSD relative to the approximate
average RMSD between two random protein frag-
ments, with sizes equivalent to the proteins being
compared. We have verified that the average of this
metric is highly independent of protein size when
averaged over the random protein–fragment ensemble
and that its value is approximately 1.00. In addition,
the dispersion of RRMSD values for random struc-
tures approaches a value near 0.09. Assuming that the

minimum ACC is 0.0, the RRMSD between two large
structures (N . 100) ranges from 0.0 to a maximum
of near 1.31, achieved for structures with an equal
radius of gyration but a very different distribution of
residues. Several RRMSD probability distributions,
for chains with 200 residues or more, are shown in
Figure 4. The limiting distribution is Gaussian-like,
with a slower decaying tail for values smaller than
one.

A simpler version of the RRMSD is obtained by
using the limiting value ofC(N) for largeN, that is,c.
This version varies significantly from Eq. (5) only for
N # 100. In the largeN limit, the correlation between
dab and Dab is strong but may decrease if the differ-
ence between the size of structures being compared is
significant. To see this, letRgb 5 gRga, for some
arbitrary g # 1. Also, to be able to compare the
RMSD and the RRMSD, we define a dimensionless
RMSD asDab/Rga. The ratio between (Dab/Rga)2 and
dab

2 , namely (D# ab/Rga)2, has a minimum atg 5 c
5 0.42, is one forg 5 2c 5 0.84, and is maximum for
g 5 1. This means that aroundg 5 0.42, 0.84, and
1.00, the RRMSD can be up to 10% higher, equal, or
near 8% lower than the dimensionless RMSD, respec-
tively. Compared to the dimensionless RMSD, the
RRMSD differentiates more between structures with
significant size differences and less between similar
size structures. Therefore, there is some decorrelation
between the RMSD and the RRMSD as their values
increase.

The use of random protein fragments as the refer-
ence ensemble includes not so dense structures as well
as dense ones. Is spite of this, a calculation of the
RMS radius of gyration for this ensemble is fitted by

FIGURE 4 Probability distributions for the RRMSD of
random structure fragments between 200 and 400 residues
(in steps of 10). The curves converge to a universal Gaus-
sian-like curve with an average of 1.0 and a standard devi-
ation of 0.09.

308 Betancourt and Skolnick



the power laŵ Rg& ' 3.08N1/3, which is comparable
to that of dense globular proteins.10 For comparison,
we computed a few RRMSD distributions for a ran-
dom ensemble of whole protein structures, which on
the average are somewhat denser than the protein
fragments. For this ensemble the statistics are poorer
due to a smaller number of nonhomologous proteins.
The calculations show a small but noticeable narrow-
ing and shift of the distributions toward higher
RRMSD values, with the average increasing to near
1.05, in particular for short (N , 100) chains. This
implies (as we have verified) that the structural cor-
relation of a random ensemble of whole proteins is
slightly smaller than that of a random ensemble of
protein fragments with the same length. This loss of
correlation may be because a chain that is a fragment
of a larger protein can be in an extended conformation
with a more regular structure. In contrast, when the
same chain consists of the entire globular protein (not
a fragment of it), its structure is frequently bent for
compactness, leading to slightly more irregular
shapes.

DISCUSSION

We have studied the structural correlations of diverse
monomeric proteins after optimal alignment and de-
fined a universal similarity measure for comparing
protein structures. The aligned correlation coefficient
of nonhomologous structures has revealed two char-
acteristic lengths of effectively 4.7 and 37 residues.
These quantities represent the boundaries between
three phases of structural order. In particular, protein
fragments of more than 37 residues are significantly
decorrelated and reach almost full decorrelation be-
tween 100 to 150 residues. This suggests that to adopt
a wide variety of native conformations, proteins
should preferably consist of more than 37 residues.
The number of conformations for proteins shorter
than 37 residues is much more limited and a degen-
eracy of sequences for each native structure is likely.

The RRMSD is a convenient universal measure to
determine when the similarity between two structures
is more significant than random. In particular, a
RRMSD value of 0.0 means identical structures and
1.0 means structures as different as random structures
on average. This avoids ambiguities resulting from
the dependence of the RMSD on protein size. For
RRMSD values between zero and one, the standard
deviation allows us to classify the similarity between
structures. For proteins with more than 100 residues,

the RRMSD probability distribution becomes Gauss-
ian-like with a standard deviation near 0.11. In par-
ticular, the probability of finding two arbitrary struc-
tures with an RRMSD below 0.5 (corresponding to
about five standard deviations below the mean) is
approximately 1026 for a Gaussian distribution. This
probability is somewhat higher because the probabil-
ity is not truly Gaussian. From the actual probability
distribution the probability of finding two arbitrary
structures with an RRMSD below 0.5 is closer to
1025. For smaller chain lengths, the RRMSD distri-
bution deviates significantly from Gaussian, and the
actual distribution or dispersion must be used to better
estimate the significance of the RRMSD between two
structures. The probability for two arbitrary chains
with 20 residues having a RRMSD of less than 0.5
increases to near 1023.

The RRMSD helps to quantify the quality of a
protein structure prediction by using a more uniform
scale. In ab initio folding predictions, the RRMSD
distribution of predicted structures can be examined to
determine if the structures deviate significantly from
random. It can also be used to define a general crite-
rion for which a group of structures can be considered
to belong to the same or different family of structures.
The latter application is useful in structure clustering,
where different structures are clustered in groups of
significantly distinct topologies.

This research was supported in part by NIH grant No.
GM-37408 of the Division of General Medical Sciences.
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