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Threshold Modeling of Autonomic Control of Heart
Rate Variability
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Abstract—Even in the absence of external perturbation to the
human cardiovascular system, measures of cardiac function, such
as heart rate, vary with time in normal physiology. The primary
source of the variation is constant regulation by a complex control
system which modulates cardiac function through the autonomic
nervous system. Here, we present methods of characterizing the
statistical properties of the underlying processes that result in variations in ECG R-wave event times within the framework of an integrate-and-fire model. We first present techniques for characterizing the noise processes that result in heart rate variability even in
the absence of autonomic input. A relationship is derived that relates the spectrum of R–R intervals to the spectrum of the underlying noise process. We then develop a technique for the characterization of the dynamic nature of autonomically related variability
resulting from exogenous inputs, such as respiratory-related modulation. A method is presented for the estimation of the transfer
function that relates the respiratory-related input to the variations
in R-wave event times. The result is a very direct analysis of autonomic control of heart rate variability through noninvasive measures, which provides a method for assessing autonomic function
in normal and pathological states.
Index Terms—Autonomic nervous system, heart rate variability,
stochastic processes, threshold models.

I. INTRODUCTION

I

N HEALTHY humans, the sino-atrial (SA) node acts as
the pacemaker for the heart. Through an upward drift in
electrical potential, these cells spontaneously depolarize to a
threshold potential, at which point they rapidly depolarize, or
“fire” as a group. This event is followed by a reset which marks
the start of a new cycle. Firing initiates the spread of electrical
activity throughout the heart, followed by contraction of cardiac
muscle. The R-wave of an electrocardiogram (ECG), which is
readily localized in time, provides a convenient marker from
which periods between SA node firings can be gleaned.
The spontaneous depolarization of SA nodal cells has an intrinsic rate that is regulated by direct input from the sympathetic
and parasympathetic branches of the autonomic nervous system
(ANS). Neural impulses arriving from the sympathetic branch
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pathetic branch have the opposite effect. By this means, the ANS
regulates HR.
Generally speaking, neural impulses do not occur with exact
regularity. Rather, they exhibit random variation around a mean
rate. As a result, not only the mean rate of SA node firing is
affected by ANS input, but the beat-to-beat intervals measured
from the ECG also have a stochastic component, which may be
termed “heart rate variability” (HRV) [1]. Interestingly, normal
individuals show much greater HRV than those whose ANS
function is attenuated due to aging, disease states, or pharmacologic blockade [2]–[5]. It has been found that HRV, while
random, exhibits a correlation structure in time, which can be
associated with various periodicities of modulation of HR. Activity of the higher respiratory centers has been shown to modulate HR at the respiratory frequency via the parasympathetic
branch of the ANS [3], [6]–[8]. Also, the baroreflex feedback
mechanism modulates HR through both branches of the ANS at
sub-respiratory frequencies [2], [3], [9], [10].
In this paper, we present a sequence of models of heart
rate which take into account the spontaneous activity of the
SA pacemaker, as well as the presence of autonomic inputs.
These models are variants of integrate and fire, or integral
pulse frequency modulation (IPFM) models which have been
introduced previously [11], [12]. In our models, constant
inputs to an integrate-and-fire mechanism are supplemented by
stochastic inputs which are intended to represent disturbances
due to intrinsic pacemaker fluctuations and respiratory inputs.
Relationships between the stochastic properties of these disturbances and characteristics of observed HR time series are
derived, and examples of the utility of this modeling scheme
are presented.
II. A NOISE MODEL
Consider first a simple threshold model where the inputs to an
integrator are a constant, , and Gaussian white noise process,
, with zero mean and variance
(all random variables will be
denoted with boldface). This corresponds to the situation where
autonomic input is removed and the heart continues to “beat,”
yet there is some residual amount of variation in the inter-event
intervals that we will attribute to “noise.”
The output of the integrator, , is compared to a fixed
threshold, and upon reaching the threshold, an event occurs
and the integrator is reset to zero. A block diagram of the
mechanism is shown in Fig. 1. Prior to the first time crossing of
threshold, we can represent this system in the following form:
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Fig. 1. Threshold noise model.
Fig. 3. Actual (solid) and approximate (dashed) probability density functions
for a range of to  ratios.

(a)
Fig. 4.
(mean

Fig. 2. (top) Gaussian white noise process and (bottom) corresponding
potential increasing to threshold. The amount of noise has been exaggerated
for demonstration.

We are interested in the time at which the threshold level is
crossed by , as shown in Fig. 2. Equation (1) can be expressed
as
(2)
is an integrated white noise process over the
The term
is, therefore, a
interval from zero to . The process
Wiener process, which is known to have a Normal distribution
. The process
is, therefore, distributed as
.
We are interested in the first passage time at which first
crosses 1, since firing and reset occur at this time. The first passage time is known to have the density [13]

(3)

For
mated by

(see Fig. 3), this density is very well approxi-

=

(b)

=

=

Interval histograms (a) before (mean 1.07,  0.048) and (b) after
0.679,  0.0037) double pharmacological autonomic blockade [8].

=

Consider now a set of R–R intervals
, measured in the absence of autonomic input (i.e. after double pharmacological autonomic blockade). Assuming the data are generated from a system of the structure shown in Fig. 1, the probability density function of the intervals between heart beats can
. For this model, and
be related to that of the noise,
are the only parameters necessary to completely describe the
system. For the prescribed threshold of one, can immediately
,
be estimated as the reciprocal of the mean interval length,
and is representative of the intrinsic firing rate of the SA node in
the absence of autonomic input. The sequence of intervals will
be independent and identically distributed (IID), each interval
distributed as prescribed in (4). The variance of the hidden noise
process, , can be estimated from the estimated variance of the
sequence of intervals, :

(5)
Fig. 4 shows typical interval histograms for the baseline condition and for the case when effects of the autonomic nervous
system have essentially been removed through double pharmacological blockade. Data shown are real data collected during a
previous study by our group [7]. For both cases, the modulation
about the mean interval length is small relative to the mean interval length and the interval histogram appears to be Gaussian.
III. A MORE GENERAL CLASS OF NOISE MODELS

(4)

which is

.

One underlying assumption above is the whiteness of
the additive noise in the threshold model. Let us evaluate
this assumption for an experimentally observed sequence of
intervals between R-waves under double pharmacological
autonomic blockade, where the inputs from both branches of
the autonomic nervous system are presumably suppressed [14].
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where the process noise is modeled as filtered white noise,
the filter being denoted by . Consider the threshold crossing
, and define the interspike interval as
times
. Again setting the threshold level to one, we
write the following equation for a threshold model in which
the input to the integrator is the sum of a filtered white noise
process and a constant

(6)
,
is the integrated colored noise
where
to ,
is the impulse
process over the interval from
is Gaussian white noise
response of the filter , and
. Equation (6) can be written as

which, assuming small variations of the interspike intervals
around the mean, can be approximated by
(7)
Fig. 5. Experimentally observed (top) sequence of intervals and (bottom)
autocovariance of intervals after pharmacological block of the autonomic
nervous system input. Note that the data presented were collected during a
previously published study [7].

The expectation of the integrated noise can be calculated

(8)
Since is the output of a linear system with zero mean input,
will also have mean approximately zero, implying again that
.
We can then determine the autocovariance of the integrated
noise
Fig. 6. General threshold noise model

In this case, the intervals reveal the nature of the process noise,
suggesting some type of time-dependent correlation, however,
that cannot be accounted for by the previous model. Results
from a previous study, shown in Fig. 5, reveal the nature of
the time-dependent correlation [7]. The bottom panel of Fig. 5
shows the autocovariance of the experimentally observed inter, assuming that the process is stationary.
spike intervals,
Dashed lines represent the 95% confidence interval on a white
process. It is obvious from this figure that the noise process
is not white. It should be noted that the higher frequency
fluctuations that are apparent in the autocovariance estimate
are related to respiration. It is unclear whether this respiratory
influence is due to incomplete blockade of autonomics or due
to mechanical coupling, as has been suggested previously [2].
To account for the inter-interval correlation structure consider the more general threshold model shown in Fig. 6,

(9)
Note that the autocovariance function
where
. This
is evaluated at multiples of the mean interval length,
relationship can be expanded further
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If the variations of the inter-spike intervals around the mean are
small, then the following approximation can be made:

Defining a function
that equals one on
zero elsewhere, we can write the following:

and

Now

is a triangle wave that equals
for
, and zero, otherwise. This triangle wave
that it is well
is so narrow relative to the time scale of
approximated by a discrete impulse
(10)
Note that the expression in (10) is a more general case of the
relationship between the second-order statistics of the intervals
and the noise, as compared to that developed in the white noise
case. Taking the Fourier transform of both sides, we obtain a relationship between the spectrum of intervals and the noise model

(11)
can be dropped since is a white noise process
where the
is constant across all frequencies. The squared modand
can then be estimated directly from
ulus of the noise filter
and
.
estimates of
, and let have the form
As an example, let
. We can simulate
a sequence of intervals, estimate the corresponding autocovariance, and estimate the noise filter , as shown in Fig. 7. The
simulated sequence of intervals exhibits similar characteristics
to those observed experimentally in Fig. 5, so this serves as a
method of validation for our procedure. The relationship in (11)
provides a reasonably accurate estimate of the noise filter , as
is shown in the bottom panel of Fig. 7.
There are limitations on the identification of the noise model
as discussed previously in Section II. The major underlying
assumption is that the noise is “small” relative to the influence of the ramp. For the noise model constructed in this section, approximations will hold provided is large relative to
. As was shown in the right panel of Fig. 4, this is
indeed what is observed experimentally. Other limitations of the
estimation procedure stem from the finite sample length which
sets a lower bound on frequency resolution (e.g. 0.01 Hz or so

Fig. 7. (top) Simulated sequence of intervals and (middle) estimated
autocovariance of the intervals R . (bottom) Actual (solid) versus estimated
(dashed) squared modulus of the noise filter.

for a 5-min sample). One concern is the nonlinear distortions in
the spectra that have been observed in previous studies by de
Boer et al. [15]. To test the technique presented here, we simulated the response to a single oscillatory input, which resulted in
a peak in the spectrum at the fundamental frequency and smaller
peaks at higher harmonics. The simulated response to the superposition of two oscillatory inputs at different frequencies also
resulted in similar distortions. In all cases the sideband power
was nearly identical to that observed from spectra of the interspike intervals, as a result of harmonic distortion and aliasing
[15].
IV. INPUT DRIVEN TRESHOLD MODEL
Lung volume is known to be correlated with variations in the
timing of heart beats. This phenomenon is known as respiratory sinus arrhythmia (RSA). Activity of the respiratory rhythm
generator has been shown to modulate the release of vagal neurotransmitter at the SA node and, therefore, modulate the rate
of depolarization at the respiratory frequency [16]. In order to
noninvasively characterize the activity of the respiratory rhythm
generator, we measured lung volume of subjects at rest, and
propose that this measurement is sufficient to represent central
rhythm activity.
In order to develop models of respiratory sinus arrhythmia,
we turn our attention to a general class of input driven threshold
models. Consider the model shown in Fig. 8.
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Input driven threshold model

We can write the following relationship:

(12)
where is a filtered version the zero-mean respiratory input ,
and is the output of a filter whose input is Gaussian white
represents the sum of the noise activity and the respinoise.
to .
ratory influence, integrated over the interval from
will
We restrict input to be zero mean and, therefore,
. in this case is reprealso be zero, producing
sentative of a combination of the intrinsic firing rate of the SA
node and the mean levels of parasympathetic and sympathetic
to the
activity. We can relate the second-order statistics of
second-order statistics of the intervals
Fig. 9. (top) Lung volume (dashed) and simulated R–R interval spectrum
(solid), both normalized for comparison. (middle and bottom) Estimated (solid)
and actual (dashed) transfer function magnitude and phase, respectively. Note
the large error at higher frequencies, attributed to insufficient input excitation
in this frequency range.

We can then make the following approximation:
From the constructed sequence, the phase can then be estimated
(13)
using independence of and . In the frequency domain we have
the relationship

(14)
Given the observed sequence of R–R intervals, the measured
respiratory input , and the previously identified noise model
obtained from the double-blockade condition, we can, therefore, estimate the respiratory-related transfer function magni. This estimate relies on the assumption that the
tude,
underlying dynamics of the noise process is unchanged through
the application of double pharmacological autonomic blockade.
In order to estimate the phase of , it is necessary to reconstruct
from observed intervals. From the discontinuous sequence ,
we can then construct a continuous sequence by eliminating
the discontinuities caused by the reset mechanism
(15)

(16)
is the cross-spectrum between the input , and
where
the constructed signal . Note that the pure integrator of the
model produces a phase shift of 90 , which is accounted for in
(16).
Consider data collected through broad-band respiration experiments, which we have described previously [7]. Dynamics
of respiratory influence on heart rate have been shown to exhibit
low-pass characteristics. Let us, therefore, assume that the input
enters into the threshold model through a low-order low-pass
. Furthermore, let us assume
system,
1, and that the noise model, , is as previously identified
through the use of double pharmacological autonomic blockade.
To illustrate the concepts developed in this section, we can simulate a sequence of intervals, based on the model prescribed
above. From the simulation, we observe the sequence and can
construct the sequence . From the information about and
, we can then estimate , as we have discussed. The normalized input and output spectra, as well as the actual and estimated
transfer functions are shown in Fig. 9. We see that the techniques
provide excellent estimates of the input filter characteristics for
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mismatch between the actual and estimated transfer functions
of the simulation shown in Fig. 9. Finally, there is autonomic
modulation that is not associated with respiration, as discussed
previously. This activity is typically at frequencies lower than
the spontaneous respiratory frequency, allowing the estimation
of the transfer function over the respiratory frequency range, as
outlined above. However, for broad-band respiration, the estimate of the transfer function at low frequencies will, therefore,
be biased by this nonrespiratory modulation.
V. CONCLUSION

Fig. 10. (top) Interval spectrum (solid) and lung volume spectrum (dashed),
both normalized for comparison. (middle and bottom) Estimated transfer
function magnitude and phase, respectively.

this simulated example. The previous example serves as a validation for our technique, which can then be directly applied to
experimentally observed lung volume and R-wave event times.
Fig. 10 shows the lung volume and R–R interval spectra for
a typical data set from a previously published study [7], along
with the corresponding transfer function magnitude and phase
estimates over frequency bands of high coherence. The resulting
estimate is in agreement with our previous findings [7], where
it was shown that the transfer function magnitude tends to be
rather flat over frequency bands of sufficient excitation. The relative phase from our previous study exhibited similar characteristics, but the absolute value of phase is less ambiguous when
computed with the technique presented here.
As in Section II, we again have some limitations on our modeling procedure. The size of the modulating signals must be
. From Section III, we
small relative to the ramp. Let
.
know that the approximations hold for large relative to
This implies that our constraint becomes
since and are independent by asis the variance of the input . Note also that
sumption, where
the same bandwidth limitations exist in this input case as for the
noise filter estimation in Section III. Also, as discussed in Section III, nonlinear distortions are present which effectively cause
a certain degree of aliasing in the interval spectrum. We would,
therefore, expect this distortion to affect the subsequent estimation of the transfer function, , which could explain the slight

In this paper, we have presented a physiologically inspired
stochastic model describing heart rate variability. The underlying physiology suggests temporal and spatial integration of
autonomic activity, producing variations in the rate at which the
SA nodal cells depolarize to threshold and “fire.” The model
presented directly addresses both the basic physiological nature of the system and the somewhat less understood observed
phenomena of variability through inputs to an integrate-and-fire
mechanism of SA nodal activity. It was shown that in the absence of autonomic nervous system input, noise models could
be estimated directly to obtain characterizations of the unmodeled dynamics of the system as well as external disturbances.
The model presented characterizes the noise as fluctuations in
ANS input, rather than the less direct description of “noise” in
the HR output previously suggested. The intrinsic firing rate of
the SA node was captured in the constant input to the threshold
model in the absence of autonomic input, rather than simply as
the mean of the observed heart rate. Furthermore, the effect of
the ANS on mean SA nodal firing rate was captured as the difference in the constant input to the integrate-and-fire mechanism
in the absence and presence of sympathetic and parasympathetic
nervous system activity. It was also shown that through similar
arguments, the dynamic relationship between the exogenous inputs, such as respiratory related autonomic activity, and the sequence of interspike intervals could be captured.
The commonly accepted procedure of characterizing autonomic mediation of the rate at which the heart beats through
the artificial construct of “heart rate” has been used extensively
in a number of applications [2]–[5]. We and others have used
this construct to successfully capture autonomic mediation of
heart rate at respiratory frequencies, as well as lower frequencies associated with baroreflex activity [2], [8], [7]. Although
the traditional techniques essentially capture the magnitude of
influence by autonomic activity, the current works presents perhaps a more straightforward approach that relates directly to
the physiological mechanisms involved. Furthermore, problems
often arise in the interpretation of phase relationships evaluated
through the artificial construct of heart rate, but for the threshold
modeling techniques presented in this work, the interpretations
are clear. One limitation of this technique arises from the fact
that we have presented a model based on Gaussian noise processes, whereas the underlying neural inputs are actually point
events. We expect this limitation to have little effect on the predictive capability of the technique. We have also assumed that
the residual noise is unaffected by the presence of blockade; this
assumption was made for simplicity. Another limitation resides
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in the estimation procedure, which we have shown to exhibit
slight nonlinear distortions and potential biases at nonrespiratory frequencies. Finally, the analysis is essentially linear except for the introduction of the threshold mechanism. Models
which assume more fundamental nonlinearities have been examined by others [17], [18], which could enhance the techniques
presented here. The utility of the techniques developed in this
work lies in the direct analysis of autonomic activity through
physiologically based mechanisms, without the construction of
intermediate characterizations of “heart rate.” As a result, the
models presented here complement the currently accepted techniques for assessment of autonomic control of cardiovascular
function. We specifically designed these techniques in order
to characterize respiratory-related modulation of heart rate, but
they could also be extended to model lower frequency fluctuations associated with closed loop baroreflex activity.
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